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Abstract
This study starts with the construction of a novel identity for the proportional Caputo-hybrid operator. Building on this identity, we

develop several integral inequalities related to the right-hand side of Hermite-Hadamard-type inequalities in the context of the proportional
Caputo-hybrid operator. Additionally, we demonstrate that the proposed results improve and generalize some previously established findings
in the domain of integral inequalities. Lastly, in order to clarify and improve comprehension of the recently established inequalities, we provide
numerous examples together with their graphical representations.
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1. Introduction

Convex analysis, as a branch of mathematics, has found extensive applications in diverse fields such as energy
systems, physics and engineering applications. In mathematics, this analysis holds a critical importance, especially
in the exploration of inequalities. Among the most renowned inequalities in convex theory is the Hermite-Hadamard
inequality, initially studied by C. Hermite and J. Hadamard [1], [2] expressed in this manner:

f
(

a+ b
2

)
≤ 1

b−a

b∫
a

f (x)dx≤ f (a)+ f (b)
2

, (1.1)

where f : I ⊆R→R is a convex function. For a concave function f , the inequality presented is reversed.
The Hermite-Hadamard inequality offers a way to bound the average value of a convex function over a compact

interval. Its relevance extends to diverse areas of mathematics, such as probability, statistics, integral calculus, and
optimization theory, and it forms the foundation for various related inequalities. Moreover, it is employed in solving
real-world problems in physics, engineering, economics, and other disciplines. With the emergence of new problems,
the applications of this inequality keep expanding, establishing it as a crucial instrument for solving extensive mathe-
matical problems as well as problems in other disciplines. On the other hand, with the trapezoid inequality defining its
right-hand side and the midpoint inequality its left-hand side, the Hermite-Hadamard inequality has become a central
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topic in inequality studies. The trapezoid-type inequalities for convex functions were pioneered by Dragomir and
Agarwal in [3], whereas Kırmaci was the first to address midpoint-type inequalities in [4]. These developments have
led to an active area of research in the field of inequalities [5], [6], [7].

As a field concerned with derivatives and integrals of fractional orders, fractional calculus gives a generalized
framework that extends classical calculus. It is widely applied in the analysis of complex systems, fractional differ-
ential equations, fractal geometry, and diverse scientific and engineering problems [8, 9, 10, 11]. Additionally, this
field establishes a comprehensive framework for investigating systems characterized by fractional dynamics, offering
a richer mathematical description of complex processes. As a result, fractional calculus has seen growing importance
and widespread application in science and engineering, particularly through the development of advanced fractional
operators such as Caputo-Fabrizio [12], Atangana-Baleanu [13], and tempered [14].

The Riemann-Liouville integral operators, defined as follows, are regarded as fundamental tools in the study of
fractional integrals [15]:

Definition 1.1. The Riemann-Liouville integrals of order α > 0 are presented by

Jα
a+ f (x) =

1
Γ(α)

∫ x

a
(x− t)α−1 f (t)dt, x > a

and

Jα
b− f (x) =

1
Γ(α)

∫ b

x
(t− x)α−1 f (t)dt, x < b

for f ∈ L1[a,b]. Here, Γ(α) is the Gamma function and J0
a+ f (x) = J0

b− f (x) = f (x). The Riemann-Liouville integrals
reduce to classical integrals under the condition α = 1.

The Hermite-Hadamard inequality was reinterpreted by Sarıkaya and Yıldırım [16] using fractional integrals,
which is presented in the following form:

Theorem 1.2. Let f : [a,b]→R be a function such that 0≤ a < b and f ∈ L1[a,b]. Assuming f is a convex function
on [a,b], the following fractional integral inequalities hold true:

f
(

a+ b
2

)
≤ Γ(α + 1)

2(b−a)α
[Jα

( a+b
2 )+

f (b)+ Jα

( a+b
2 )−

f (a)] ≤ f (a)+ f (b)
2

with α > 0.

Following this, Sarıkaya et al. [17] and Iqbal et al. [18] established various fractional midpoint-type and trapezoid-
type inequalities for convex functions, respectively. Further references on this subject can be found in [19, 20].

An additional significant definition in fractional analysis is presented below [21]:

Definition 1.3. Take α > 0 and α /∈ {1,2, ...} , n= [α ]+1, f ∈ACn[a,b], the space of functions having n-th derivatives
absolutely continuous. Below are the definitions for the Caputo fractional derivatives of order α , both left-sided and
right-sided:

CDα

a+ f (x) =
1

Γ(n−α)

x∫
a

(x− t)n−α−1 f (n)(t)dt, x > a

and

CDα

b− f (x) =
1

Γ(n−α)

b∫
x

(t− x)n−α−1 f (n)(t)dt, x < b.

If α = n ∈ {1,2,3, ...} and usual derivative f (n)(x) of order n exists, then Caputo fractional derivative CDα

a+ f (x)
coincides with f (n)(x) whereas CDα

b− f (x) with exactness to a constant multiplier (−1)n. If n = 1 and α = 0, then
we get CDα

a+ f (x) = CDα

b− f (x) = f (x).
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In the Caputo derivative, a fractional integral is applied to the standard derivative of the function, in contrast to the
Riemann-Liouville fractional derivative, which is derived by differentiating the fractional integral of a function for its
independent variable of order n. The Caputo fractional derivative requires more appropriate initial conditions com-
pared to the traditional Riemann-Liouville fractional derivative when dealing with fractional differential equations
[22]. Therefore, in the context of other fractional derivatives, the Caputo derivative is preferred because it delivers so-
lutions that are more physically interpretable for certain problems. In addition, the operator of proportional derivative
symbolized as PDα f (x) is given by the equation [23] :

PDα f (x) = K1(α ,x) f (x)+K0(α ,x) f ′(x),

where K1 and K0 are the functions satisfying α ∈ [0,1] and x ∈ R with some conditions and also, the function f is
differentiable with respect to x ∈R. Widely utilized in control systems and robotics, this mathematical operator has
been the focus of increasing attention in recent years, particularly in studies involving the Caputo derivative and the
proportional derivative [24], [25], [26].

In [27], Baleanu et al. proposed a novel definition by merging the ideas of the Caputo derivative and proportional
derivative, creating a hybrid fractional operator represented as a linear combination of the Caputo fractional derivative
and the Riemann-Liouville fractional integral.

Definition 1.4. Let f : I ⊂ R+ → R be a differentiable function on I◦ and f , f ′ are locally L1(I). The concept of a
proportional Caputo-hybrid operator is given below:

PC
0 Dα

t f (t) =
1

Γ(1−α)

t∫
0

[K1(α ,τ) f (τ)+K0(α ,τ) f ′(τ)] (t− τ)−αdτ ,

where α ∈ [0,1] and K1 and K0 are functions that comply with the conditions given below:

lim
α→0+

K0(α ,τ) = 0; lim
α→1

K0(α ,τ) = 1; K0(α ,τ) 6= 0, α ∈ (0,1];

lim
α→0

K1(α ,τ) = 0; lim
α→1−

K1(α ,τ) = 1; K1(α ,τ) 6= 0, α ∈ [0,1).

Subsequently, Sarıkaya [28] developed an innovative definition by incorporating distinct K1 and K0 functions in
accordance with Definition 1.4. Also, Sarıkaya [28] established the Hermite-Hadamard inequality using his newly
proposed definition, as outlined below:

Definition 1.5. Let f : I ⊂R+→R be a differentiable function on I◦ and f , f ′ ∈ L1(I). The left-sided and right-sided
proportional Caputo-hybrid operators of order α are introduced in the following manner, respectively :

PC
a+ Dα

b f (b) =
1

Γ(1−α)

b∫
a

[K1(α ,b− τ) f (τ)+K0(α ,b− τ) f ′(τ)] (b− τ)−αdτ

and

PC
b−Dα

a f (a) =
1

Γ(1−α)

b∫
a

[K1(α ,τ−a) f (τ)+K0(α ,τ−a) f ′(τ)] (τ−a)−αdτ ,

where α ∈ [0,1] and K0(α ,τ) = (1−α)2τ1−α and K1(α ,τ) = α2τα .

Theorem 1.6. Let f : I ⊂ R+ → R be a differentiable function on I◦, the interior of the interval I, where a,b ∈ I◦

with a < b and let f , f ′ be the convex functions on I. Then, the following inequalities hold:

α
2(b−a)α f

(
a+ b

2

)
+

1
2
(1−α)(b−a)1−α f ′

(
a+ b

2

)
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≤ Γ(1−α)

2(b−a)1−α

[PC
a+ Dα

b f (b)+ PC
b−Dα

a f (a)
]

≤ α
2(b−a)α

[
f (a)+ f (b)

2

]
+(1−α))(b−a)1−α

[
f ′(a)+ f ′(b)

4

]
.

On the other hand, Tunç and Demir [29] proposed a Hermite-Hadamard inequality by using the Caputo-hybrid
operator in a distinct manner than the previous theorem, as shown below:

Theorem 1.7. Let f : I ⊂ R+ → R be a differentiable function on Io, the interior of the interval I, where a,b ∈ Io

satisfying a < b and f , f ′ be the convex functions on I. Then, the following inequalities are satisfied:

α
2(b−a)α2−α f

(
a+ b

2

)
+(1−α)(b−a)1−α2α−2 f ′

(
a+ b

2

)
(1.2)

≤ Γ(1−α)

2α(b−a)−α+1

[
PC
( a+b

2 )
+Dα

b f (b)+ PC
( a+b

2 )
−Dα

a f (a)
]

≤ α
2(b−a)α2−α

(
f (a)+ f (b)

2

)
+(1−α)(b−a)1−α2α−2

(
f ′(a)+ f ′(b)

2

)
.

In this paper, firstly, we give an identity with respect to the novel proportional Caputo-hybrid operator. This
identity serves as a fundamental tool in developing a variety of trapezoid-type inequalities. Then, we obtain several
significant inequalities by employing convexity, the Hölder inequality, and the power mean inequality. Furthermore,
we offer illustrative examples supported by graphical representations to establish the accuracy of our main results.
The results outlined here generalize a number of inequalities reported in previous investigations.

2. Main Results

In order to demonstrate our other primary results, we depend on the following lemma. By taking advantage of
this finding, we establish several integral inequalities that are related to the right-hand side of Hermite-Hadamard-type
inequalities for proportional Caputo-hybrid operator.

Lemma 2.1. Let f : I ⊂R+→R be a twice differentiable function on Io, the interior of the interval I, where a,b ∈ Io

satisfying a < b and let f , f ′, f ′′ ∈ L[a,b]. Then, the following identity are satisfied:

α2(b−a)α+12−α

2

1∫
0

(1−2t) f ′ (ta+(1− t)b)dt (2.1)

+
(1−α)(b−a)2−α2α−3

2


1∫

0

(
t2−2α −1

)[
f ′′
(

2− t
2

a+
t
2

b
)
− f ′′

(
t
2

a+
2− t

2
b
)]

dt


= α

2(b−a)α2−α

(
f (a)+ f (b)

2

)
+(1−α)(b−a)1−α2α−2

(
f ′(a)+ f ′(b)

2

)

− Γ(1−α)

2α(b−a)−α+1

[
PC
( a+b

2 )
+Dα

b f (b)+ PC
( a+b

2 )
−Dα

a f (a)
]

.
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Proof. By integration by parts, we have

1∫
0

(t−1) f ′
(

2− t
2

a+
t
2

b
)

dt =
2

b−a
f (a)−

2
b−a

1∫
0

f
(

2− t
2

a+
t
2

b
)

dt

and
1∫

0

(t2−2α −1) f ′′
(

2− t
2

a+
t
2

b
)

dt =
2

b−a
f ′ (a)−

4(1−α)

b−a

1∫
0

t1−2α f ′
(

2− t
2

a+
t
2

b
)

dt.

Using a variable substitution, multiplying the results by α2(b−a)α+12−α−1 and (1−α)(b−a)2−α2α−3, and com-
bining them through addition, we reach the following outcome:

α
2(b−a)α+12−α−1

1∫
0

(t−1) f ′
(

2− t
2

a+
t
2

b
)

dt (2.2)

+(1−α)(b−a)2−α2α−3
1∫

0

(t2−2α −1) f ′′
(

2− t
2

a+
t
2

b
)

dt

= α
2(b−a)α2−α f (a)+ (1−α)(b−a)1−α2α−2 f ′ (a)

− 21−α

(b−a)1−α

a+b
2∫

a

[
α

2(τ−a)α f (τ)+ (1−α)2(τ−a)1−α f ′(τ)
]
(τ−a)−αdτ .

By following similar steps, we obtain

α
2(b−a)α+12−α−1

1∫
0

(t−1) f ′
(

t
2

a+
2− t

2
b
)

dt (2.3)

+(1−α)(b−a)2−α2α−3
1∫

0

(t2−2α −1) f ′′
(

t
2

a+
2− t

2
b
)

dt

= −α
2(b−a)α2−α f (b)− (1−α)(b−a)1−α2α−2 f ′ (b)

+
21−α

(b−a)1−α

b∫
a+b

2

[
α

2(b− τ)α f (τ)+ (1−α)2(b− τ)1−α f ′(τ)
]
(b− τ)−αdτ .

Through the extraction of (2.3) from (2.2), we have

α
2(b−a)α+12−α−1

1∫
0

(t−1)
[

f ′
(

2− t
2

a+
t
2

b
)
− f ′

(
t
2

a+
2− t

2
b
)]

dt
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+
(1−α)(b−a)2−α2α−3

2

1∫
0

(t2−2α −1)
[

f ′′
(

2− t
2

a+
t
2

b
)
− f ′′

(
t
2

a+
2− t

2
b
)]

dt

= α
2(b−a)α2−α ( f (a)+ f (b))+ (1−α)(b−a)1−α2α−2 ( f ′(a)+ f ′(b))

− Γ(1−α)

2−1+α(b−a)−α+1

[
PC
( a+b

2 )
+Dα

b f (b)+ PC
( a+b

2 )
−Dα

a f (a)
]

.

Thus, by multiplying the both sides by 1
2 and by using the equality

1∫
0

(t−1)
[

f ′
(

2− t
2

a+
t
2

b
)
− f ′

(
t
2

a+
2− t

2
b
)]

dt = 2
1∫

0

(1−2t) f ′ (ta+(1− t)b)dt,

we derive the conclusion (2.1).

Remark 2.2. Letting the limit as α → 1 in Lemma 2.1, it follows that(
f (a)+ f (b)

2

)
− 1

b−a

b∫
a

f (x)dx =
(b−a)

2

1∫
0

(1−2t) f ′(ta+(1− t)b)dt,

which was proved by Dragomir and Agarwal [3].

Corollary 2.3. In the limiting case α = 0 in Lemma 2.1, we obtain

(b−a)2

4

 1∫
0

(t2−1)
[

f ′′
(

2− t
2

a+
t
2

b
)
− f ′′

(
t
2

a+
2− t

2
b
)]

dt



=
(b−a)

4

(
f ′(a)+ f ′(b)

2

)
− 1

b−a

 b∫
a+b

2

f (x)dx−

a+b
2∫

a

f (x)dx

 .

Moreover, if we choose α = 1
2 , then the equality (2.1) transforms into the following equality

2
b−a

 f (a)+ f (b)
2

+
f ′(a)+ f ′(b)

2
−

 b∫
a

f (x)dx+ f (b)− f (a)


=

1∫
0

(1−2t) [ f ′(ta+(1− t)b)+ f ′′(ta+(1− t)b)]dt.

Theorem 2.4. Let f : I ⊂R+→R be a twice differentiable function on Io, the interior of the interval I, where a,b∈ Io

satisfying a < b and let f , f ′, f ′′ ∈ L[a,b]. If | f ′|q and | f ′′|q are convex on [a,b] for q≥ 1, then the following inequality
holds: ∣∣∣∣α2(b−a)α2−α

(
f (a)+ f (b)

2

)
+(1−α)(b−a)1−α2α−2

(
f ′(a)+ f ′(b)

2

)
(2.4)
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− Γ(1−α)

2α(b−a)−α+1

[
PC
( a+b

2 )
+Dα

b f (b)+ PC
( a+b

2 )
−Dα

a f (a)
]∣∣∣∣

≤ α2(b−a)α+12−α

4

(
| f ′ (a)|q + | f ′ (b)|q

2

) 1
q

+
(1−α)(b−a)2−α2α

16

{(
2−2α

3−2α

) q−1
q
[(
| f ′′(a)|q

2

(
5−6α

2(3−2α)
+

1
4−2α

)
+
| f ′′(b)|q

2

(
1−α

4−2α

)) 1
q

+

(
| f ′′(a)|q

2

(
1−α

4−2α

)
+
| f ′′(b)|q

2

(
5−6α

2(3−2α)
+

1
4−2α

)) 1
q
]}

.

Proof. Firstly, let q = 1. By the convexity of | f ′| and | f ′′|, from Lemma 2.1 it follows that∣∣∣∣α2(b−a)α2−α

(
f (a)+ f (b)

2

)
+(1−α)(b−a)1−α2α−2

(
f ′(a)+ f ′(b)

2

)
(2.5)

− Γ(1−α)

2α(b−a)−α+1

[
PC
( a+b

2 )
+Dα

b f (b)+ PC
( a+b

2 )
−Dα

a f (a)
]∣∣∣∣

≤ α2(b−a)α+12−α

2

1∫
0

|1−2t| (t| f ′ (a)|+(1− t)| f ′(b) |)dt

+
(1−α)(b−a)2−α2α

16

1∫
0

∣∣t2−2α −1
∣∣(2− t

2

∣∣ f ′′(a)∣∣+ t
2

∣∣ f ′′(b)∣∣+ t
2

∣∣ f ′′(a)∣∣+ 2− t
2

∣∣ f ′′(b)∣∣)dt.

Hence, due to

1
2∫

0

(1−2t)tdt =
1∫

1
2

(2t−1)(1− t)dt =
1
24

,

1
2∫

0

(1−2t)(1− t)dt =
1∫

1
2

(2t−1)tdt =
5
24

and
1∫

0

(
1− t2−2α

)
dt =

2−2α

3−2α
,

we arrive at the expression on the right-hand side of inequality (2.5) in the following manner:

α2(b−a)α+12−α

4

(
f ′ (a)+ f ′(b)

2

)
+

(1−α)(b−a)2−α2α

4

(
1−α

3−2α

)(
f ′′(a)+ f ′′(b)

2

)
.

Moreover, for q > 1, based on Lemma 2.1, utilizing the power mean inequality and the convexity of | f ′|q and | f ′′|q,
we can derive:∣∣∣∣α2(b−a)α2−α

(
f (a)+ f (b)

2

)
+(1−α)(b−a)1−α2α−2

(
f ′(a)+ f ′(b)

2

)
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− Γ(1−α)

2α(b−a)−α+1

[
PC
( a+b

2 )
+Dα

b f (b)+ PC
( a+b

2 )
−Dα

a f (a)
]∣∣∣∣

≤ α2(b−a)α+12−α

2


 1∫

0

|1−2t|dt

 1
p
 1∫

0

|1−2t| [t| f ′ (a)|q +(1− t)| f ′(b) |q]dt

 1
q



+
(1−α)(b−a)2−α2α

16


 1∫

0

(
1− t2−2α

)
dt

 1
p
 1∫

0

(
1− t2−2α

)[ t
2
| f ′′(a)|q + 2− t

2
| f ′′(b)|q

]
dt

 1
q

+

 1∫
0

1− t2−2αdt

 1
p
 1∫

0

(
1− t2−2α

)[2− t
2
| f ′′(a)|q + t

2
| f ′′(b)|q

]
dt

 1
q

 .

Thus, because of

1∫
0

|1−2t|dt =

1
2∫

0

(1−2t)dt +
1∫

1
2

(2t−1)dt =
1
2

,

1
2∫

0

(1−2t)tdt =
1∫

1
2

(2t−1)(1− t)dt =
1

24
,

1∫
0

(
1− t2−2α

)
dt =

2−2α

3−2α
,

1
2∫

0

(1−2t)(1− t)dt =
1∫

1
2

(2t−1)tdt =
5

24

and
1∫

0

(
1− t2−2α

)
(2− t)dt =

5−6α

6−4α
+

1
4−2α

,
1∫

0

(
1− t2−2α

)
tdt =

1−α

4−2α
,

the desired inequality (2.4) is satisfied.

Remark 2.5. Letting the limit as α → 1 and putting q = 1 in Theorem 2.4, it follows that∣∣∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

b∫
a

f (x)dx

∣∣∣∣∣∣≤ (b−a)
4

(
| f ′(a)|+ | f ′(b)|

2

)
,

which was proved by Dragomir and Agarwal [3].

Corollary 2.6. As α approaches 0 and for q≥ 1 in Theorem 2.4, we obtain∣∣∣∣∣∣∣
(b−a)

4

(
f ′(a)+ f ′(b)

2

)
− 1

b−a

 b∫
a+b

2

f (x)dx−

a+b
2∫

a

f (x)dx


∣∣∣∣∣∣∣

≤ (b−a)2

16

(
2
3

) q−1
q
[(

13
24

∣∣ f ′′(a)∣∣q + 1
8

∣∣ f ′′(b)∣∣q)1/q

+

(
1
8

∣∣ f ′′(a)∣∣q + 13
24

∣∣ f ′′(b)∣∣q)1/q
]

.
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Furthermore, when α converges to 1 and under the condition q≥ 1, the inequality in Theorem 2.4 takes the following
form: ∣∣∣∣∣∣ f (a)+ f (b)

2
− 1

b−a

b∫
a

f (x)dx

∣∣∣∣∣∣
≤ (b−a)2

8

(
| f ′(a)|q + | f ′(b)|q

2

)1/q

.

To validate the effectiveness of our theorem, we present an illustrative example.

Example 2.7. Taking the function f (x) = x3 + x defined on the interval [0,2], we can evaluate the right-hand side of
inequality (2.4) as:

α2

2

(
1+ 13q

2

) 1
q

+
(1−α)

4

(
2−2α

3−2α

) q−1
q 12

2
1
q

[(
1−α

4−2α

) 1
q

+

(
5−6α

6−4α
+

1
4−2α

) 1
q
]

.

On the other hand, we observe that∣∣∣∣α2(b−a)α2−α

(
f (a)+ f (b)

2

)
+(1−α)(b−a)1−α2α−2

(
f ′(a)+ f ′(b)

2

)

− Γ(1−α)

2α(b−a)−α+1

[
PC
( a+b

2 )
+Dα

b f (b)+ PC
( a+b

2 )
−Dα

a f (a)
]∣∣∣∣

= 2α
2 +

7
2
(1−α)− (1−α)2

2

(
14

2−2α
− 12

3−2α
+

6
4−2α

)
.
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Figure 1: The graph of both sides of the inequality (2.4) depending on α ∈ (0,1) and q ∈ [1,3].

Figure 1 clearly demonstrates that the left-hand side of the inequality (2.4) is consistently situated below the right-hand
side of this inequality for all α ∈ (0,1) and q≥ 1.
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Theorem 2.8. Let f : I ⊂R+→R be a twice differentiable function on Io, the interior of the interval I, where a,b∈ Io

satisfying a< b and let f , f ′, f ′′ ∈ L[a,b]. If | f ′|q and | f ′′|q are convex on [a,b] for q> 1, then the following inequality
holds: ∣∣∣∣α2(b−a)α2−α

(
f (a)+ f (b)

2

)
+(1−α)(b−a)1−α2α−2

(
f ′(a)+ f ′(b)

2

)
(2.6)

− Γ(1−α)

2α(b−a)−α+1

[
PC
( a+b

2 )
+Dα

b f (b)+ PC
( a+b

2 )
−Dα

a f (a)
]∣∣∣∣

≤ α2(b−a)α+12−α−1

(p+ 1)
1
p

(
| f ′ (a)|q + | f ′ (b)|q

2

) 1
q

+(1−α)(b−a)2−α2α−4
(

(2−2α)p
(2−2α)p+ 1

) 1
p
[(
| f ′′(a)|q + 3| f ′′(b)|q

4

) 1
q

+

(
3| f ′′(a)|q + | f ′′(b)|q

4

) 1
q
]

,

where 1
p +

1
q = 1.

Proof. Applying the commonly used Hölder’s inequality and the convexity of | f ′|q, | f ′′|q, from Lemma 2.1, we obtain

∣∣∣∣α2(b−a)α2−α

(
f (a)+ f (b)

2

)
+(1−α)(b−a)1−α2α−2

(
f ′(a)+ f ′(b)

2

)
(2.7)

− Γ(1−α)

2α(b−a)−α+1

[
PC
( a+b

2 )
+Dα

b f (b)+ PC
( a+b

2 )
−Dα

a f (a)
]∣∣∣∣

≤ α
2(b−a)α+12−α−2


 1∫

0

|1−2t|p dt

 1
p
 1∫

0

[
t
∣∣ f ′(a)∣∣q +(1− t)

∣∣ f ′(b)∣∣q]dt

 1
q


+(1−α)(b−a)2−α2α−4


 1∫

0

∣∣t2−2α −1
∣∣p dt

 1
p
 1∫

0

[
t
2

∣∣ f ′′(a)∣∣q + 2− t
2

∣∣ f ′′(b)∣∣q]dt

 1
q

+

 1∫
0

∣∣t2−2α −1
∣∣p dt

 1
p
 1∫

0

[
2− t

2

∣∣ f ′′(a)∣∣q + t
2

∣∣ f ′′(b)∣∣q]dt

 1
q
 .

Calculating the integrals in the above inequality, we have
1∫

0

|1−2t|p dt =

1/2∫
0

(1−2t)pdt +
1∫

1/2

(2t−1)pdt =
1

p+ 1
,

1∫
0

[
t
∣∣ f ′(a)∣∣q +(1− t)

∣∣ f ′(b)∣∣q]dt =
| f ′ (a)|q + | f ′ (b)|q

2
,
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1∫
0

[
t
2

∣∣ f ′′(a)∣∣q + 2− t
2

∣∣ f ′′(b)∣∣q]dt =
| f ′′(a)|q + 3| f ′′(b)|q

4
,

1∫
0

[
2− t

2

∣∣ f ′′(a)∣∣q + t
2

∣∣ f ′′(b)∣∣q]dt =
3| f ′′(a)|q + | f ′′(b)|q

4
.

Also, using the property that is (A−B)p ≤ Ap−Bp for A > B≥ 0 and p≥ 1, we get
1∫

0

∣∣t2−2α −1
∣∣p dt ≤

1∫
0

[
1− t(2−2α)p

]
dt =

(2−2α)p
[(2−2α)p+ 1]

.

Replacing the derived integral results in the inequality (2.7), the desired result will be achieved.

Remark 2.9. In the special case where α approaches 1 in Theorem 2.8, we obtain∣∣∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

b∫
a

f (x)dx

∣∣∣∣∣∣≤ b−a

2 (p+ 1)1/p

(
| f ′(a)|q + | f ′(b)|q

2

)1/q

,

which was presented by Dragomir and Agarwal in [3].

Corollary 2.10. When α approaches 0 in Theorem 2.8, we have∣∣∣∣∣∣∣
(b−a)

4

(
f ′(a)+ f ′(b)

2

)
− 1

b−a

 b∫
a+b

2

f (x)dx−

a+b
2∫

a

f (x)dx


∣∣∣∣∣∣∣

≤ (b−a)2

16

(
2p

2p+ 1

) 1
p
[(
| f ′′(a)|q + 3| f ′′(b)|q

4

) 1
q

+

(
3| f ′′(a)|q + | f ′′(b)|q

4

) 1
q
]

.

Also, if we take α = 1
2 , then we obtain∣∣∣∣∣∣ f (a)+ f (b)

2
+

f ′(a)+ f ′(b)
2

− 1
b−a

 b∫
a

f (x)dx+ f (b)− f (a)

∣∣∣∣∣∣
≤ b−a

2(p+ 1)1/p

(
| f ′(a)|q + | f ′(b)|q

2

) 1
q

+
b−a

4

(
p

p+ 1

) 1
p
[(
| f ′′(a)|q + 3| f ′′(b)|q

4

) 1
q

+

(
3| f ′′(a)|q + | f ′′(b)|q

4

) 1
q
]

.

In order to demonstrate the inequality derived in Theorem 2.8, we present an example that verifies its validity.

Example 2.11. Let us consider the function f as defined in Example 2.7. Later, we can evaluate the expression on
the right-hand side of the inequality (2.6) in the following way:

α2

(p+ 1)
1
p

(1+ 13
p

p−1

2

) p−1
p
+ 3(1−α)

4
p−1

p

(
(2−2α)p

[(2−2α)p+ 1]

) 1
p (

1+ 3
p−1

p

)
.

Moreover, we know that
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∣∣∣∣α2(b−a)α2−α

(
f (a)+ f (b)

2

)
+(1−α)(b−a)1−α2α−2

(
f ′(a)+ f ′(b)

2

)

− Γ(1−α)

2α(b−a)−α+1

[
PC
( a+b

2 )
+Dα

b f (b)+ PC
( a+b

2 )
−Dα

a f (a)
]∣∣∣∣

= 2α
2 +

7
2
(1−α)− (1−α)2

2

(
14

2−2α
− 12

3−2α
+

6
4−2α

)
.

Therefore, it can be seen from Figure 2 that the left-hand side of inequality (2.6) is consistently lower than the right-
hand side for all values of α ∈ (0,1) and p > 1.
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Figure 2: The graph of both sides of the inequality (2.6) depending on α ∈ (0,1) and p ∈ (1,3].

3. Conclusion

This paper begins with the development of a novel identity for the proportional Caputo-hybrid operator. Based on
this identity, we establish several integral inequalities associated with the right-hand side of Hermite-Hadamard-type
inequalities in the framework of the proportional Caputo-hybrid operator. Furthermore, we show that the proposed
results refine and generalize certain previously established results in the field of integral inequalities. Finally, to
enhance understanding and clarity of the newly derived inequalities, we provide several examples along with their
graphical illustrations. In comparison to classical calculus, our results are more advantageous as they highlight the
specific case of previously established bounds when α approaches 1. We hope that our approach and results will
inspire readers to explore this topic further. Future studies may explore similar inequalities for different fractional
integrals, and by considering other types of convexity, new Hermite-Hadamard-type inequalities could be derived.
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