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Abstract

This study starts with the construction of a novel identity for the proportional Caputo-hybrid operator. Building on this identity, we
develop several integral inequalities related to the right-hand side of Hermite-Hadamard-type inequalities in the context of the proportional
Caputo-hybrid operator. Additionally, we demonstrate that the proposed results improve and generalize some previously established findings
in the domain of integral inequalities. Lastly, in order to clarify and improve comprehension of the recently established inequalities, we provide
numerous examples together with their graphical representations.
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1. Introduction

Convex analysis, as a branch of mathematics, has found extensive applications in diverse fields such as energy
systems, physics and engineering applications. In mathematics, this analysis holds a critical importance, especially
in the exploration of inequalities. Among the most renowned inequalities in convex theory is the Hermite-Hadamard
inequality, initially studied by C. Hermite and J. Hadamard [1], [2] expressed in this manner:

f<a+b>S 1 a/bf(x)dxﬁw (1.1)

2 b—a 2 ’

where f: I CIR — IR is a convex function. For a concave function f, the inequality presented is reversed.

The Hermite-Hadamard inequality offers a way to bound the average value of a convex function over a compact
interval. Its relevance extends to diverse areas of mathematics, such as probability, statistics, integral calculus, and
optimization theory, and it forms the foundation for various related inequalities. Moreover, it is employed in solving
real-world problems in physics, engineering, economics, and other disciplines. With the emergence of new problems,
the applications of this inequality keep expanding, establishing it as a crucial instrument for solving extensive mathe-
matical problems as well as problems in other disciplines. On the other hand, with the trapezoid inequality defining its
right-hand side and the midpoint inequality its left-hand side, the Hermite-Hadamard inequality has become a central

*Corresponding author. Email: tubatunc03@gmail.com
Email addresses: tubatunc03@gmail.com (Tuba Tung ©*), izzettindemir@duzce.edu.tr (Izzettin Demir ©)

doi: 10.63286/jima.2025.05
Received: 23 January 2025 Revised: 26 February 2025 Accepted: 19 March 2025

This work is licensed under a Creative Commons Attribution-NonCommercial 4.0 International License.


https://creativecommons.org/licenses/by-nc/4.0/
http://dx.doi.org/10.63286/jima.2025.05
https://orcid.org/0000-0002-4155-9180
https://orcid.org/0000-0003-0298-2872
https://orcid.org/0000-0002-4155-9180
https://orcid.org/0000-0003-0298-2872
http://dx.doi.org/10.63286/jima.2025.05

T. Tung and I. Demir, J. Inequal. Math. Anal., 1(1), 2025, 65-78 66

topic in inequality studies. The trapezoid-type inequalities for convex functions were pioneered by Dragomir and
Agarwal in [3], whereas Kirmaci was the first to address midpoint-type inequalities in [4]. These developments have
led to an active area of research in the field of inequalities [5], [6], [7].

As a field concerned with derivatives and integrals of fractional orders, fractional calculus gives a generalized
framework that extends classical calculus. It is widely applied in the analysis of complex systems, fractional differ-
ential equations, fractal geometry, and diverse scientific and engineering problems [8, 9, 10, 11]. Additionally, this
field establishes a comprehensive framework for investigating systems characterized by fractional dynamics, offering
a richer mathematical description of complex processes. As a result, fractional calculus has seen growing importance
and widespread application in science and engineering, particularly through the development of advanced fractional
operators such as Caputo-Fabrizio [12], Atangana-Baleanu [13], and tempered [14].

The Riemann-Liouville integral operators, defined as follows, are regarded as fundamental tools in the study of
fractional integrals [15]:

Definition 1.1. The Riemann-Liouville integrals of order & > 0 are presented by

10 = g [ =0 0 x> a

and

JE F(x) = F(la)/b (t—x)%\ f(1)dt, x<b

for f € Li[a,b]. Here, I'(t) is the Gamma function and JO, f(x) =J)_f(x) = f(x). The Riemann-Liouville integrals
reduce to classical integrals under the condition o = 1.

The Hermite-Hadamard inequality was reinterpreted by Sarikaya and Yildirim [16] using fractional integrals,
which is presented in the following form:

Theorem 1.2. Ler f : [a,b] — R be a function such that 0 < a < b and f € Ly[a,b|. Assuming f is a convex function
on [a,b), the following fractional integral inequalities hold true:

a+b\ _T(a+1), , o fla)+f(b)
f( 2 >S2(b—a)0‘[J(“é”)+f(b)“(“$b)—f(a)]S2

with o0 > 0.

Following this, Sarikaya et al. [17] and Igbal et al. [18] established various fractional midpoint-type and trapezoid-
type inequalities for convex functions, respectively. Further references on this subject can be found in [19, 20].

An additional significant definition in fractional analysis is presented below [21]:
Definition 1.3. Take o >0and a ¢ {1,2,...} ,n=[a|+ 1, f € AC"[a,b], the space of functions having n-th derivatives

absolutely continuous. Below are the definitions for the Caputo fractional derivatives of order «, both left-sided and
right-sided:

DE S0 = gy [ 600 x> a
and 1 )
D) = e / (t—2)" %1 F 0 (1Vdr, x < b.

X

If & =n € {1,2,3,..} and usual derivative f")(x) of order n exists, then Caputo fractional derivative D%, f(x)
coincides with f")(x) whereas DY f(x) with exactness to a constant multiplier (—1)". If n = 1 and o = 0, then

we get CD% f(x) = DY f(x) = f(x).
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In the Caputo derivative, a fractional integral is applied to the standard derivative of the function, in contrast to the
Riemann-Liouville fractional derivative, which is derived by differentiating the fractional integral of a function for its
independent variable of order n. The Caputo fractional derivative requires more appropriate initial conditions com-
pared to the traditional Riemann-Liouville fractional derivative when dealing with fractional differential equations
[22]. Therefore, in the context of other fractional derivatives, the Caputo derivative is preferred because it delivers so-
lutions that are more physically interpretable for certain problems. In addition, the operator of proportional derivative
symbolized as “Dy f(x) is given by the equation [23] :

"Daf(x) = Ki(00.x)f(x) + Ko(0t.x) f'(x),

where K; and K are the functions satisfying ¢ € [0,1] and x € R with some conditions and also, the function f is
differentiable with respect to x € IR. Widely utilized in control systems and robotics, this mathematical operator has
been the focus of increasing attention in recent years, particularly in studies involving the Caputo derivative and the
proportional derivative [24], [25], [26].

In [27], Baleanu et al. proposed a novel definition by merging the ideas of the Caputo derivative and proportional
derivative, creating a hybrid fractional operator represented as a linear combination of the Caputo fractional derivative
and the Riemann-Liouville fractional integral.

Definition 1.4. Let f: I C R"™ — R be a differentiable function on I° and f, f’ are locally L; (). The concept of a
proportional Caputo-hybrid operator is given below:

DE 1) = frig [ (T (0) + Kofew 7). (2)) (=),
0

where o € [0,1] and K; and K are functions that comply with the conditions given below:

lim Ko(a,7) = 0; limKy(a,7)=1; Ko(a,7)#0, ae(0,1];
a—0t a—1

limK;(e,7) = 0; lim Ki(e,7)=1; Ki(o,7) #0, a€[0,1).
a—0 a—1-

Subsequently, Sarikaya [28] developed an innovative definition by incorporating distinct K; and Ko functions in
accordance with Definition 1.4. Also, Sarikaya [28] established the Hermite-Hadamard inequality using his newly
proposed definition, as outlined below:

Definition 1.5. Let f: 1 C R™ — R be a differentiable function on I° and f, f* € L;(I). The left-sided and right-sided
proportional Caputo-hybrid operators of order ¢ are introduced in the following manner, respectively :

Dy f(b) =

b
r(ll—a) / (K1 (at,b— 1) £(%) + Ko(a.b— 1) f(7)] (b— )~ %dx

and
b

/[Kl(a,r—a)f(r)+Ko(a,r—a)f’(f)] (t—a) %dr,

a

1

yCDY f(a) = Ti—a)

where o € [0,1] and Ko(t,7) = (1 — &)?7!~%* and K; (@, T) = ot*7?,

Theorem 1.6. Let f: 1 C R™ — R be a differentiable function on I°, the interior of the interval I, where a,b € I°
with a < b and let f, f' be the convex functions on I. Then, the following inequalities hold:

-y (37) + 50 -ao-a o (“57)
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r(l_a) PCryo
S Sp_ayia e D5 S(0)+ 57D f(a)]
< @o-a [0 1 ayyp-apt-o [LEL0)]

On the other hand, Tun¢ and Demir [29] proposed a Hermite-Hadamard inequality by using the Caputo-hybrid
operator in a distinct manner than the previous theorem, as shown below:

Theorem 1.7. Let f:1 C RT™ — R be a differentiable function on I°, the interior of the interval I, where a,b € I°
satisfying a < b and f, f' be the convex functions on I. Then, the following inequalities are satisfied:

a*(b—a)*2"%f (a;b) +(1—a)(b—a)l =920 2f (“;b> (1.2)

Il-—a) o
< 5o e o [y PO+ (G DI

2

e (R L) PYTRTEY CAGEAC)

In this paper, firstly, we give an identity with respect to the novel proportional Caputo-hybrid operator. This
identity serves as a fundamental tool in developing a variety of trapezoid-type inequalities. Then, we obtain several
significant inequalities by employing convexity, the Holder inequality, and the power mean inequality. Furthermore,
we offer illustrative examples supported by graphical representations to establish the accuracy of our main results.
The results outlined here generalize a number of inequalities reported in previous investigations.

2. Main Results

In order to demonstrate our other primary results, we depend on the following lemma. By taking advantage of
this finding, we establish several integral inequalities that are related to the right-hand side of Hermite-Hadamard-type
inequalities for proportional Caputo-hybrid operator.

Lemma 2.1. Let f:1C RT — R be a twice differentiable function on I°, the interior of the interval I, where a,b € I°
satisfying a < b and let f, f', f" € Lla,D]. Then, the following identity are satisfied:

a’(b—a)
2

1
a+lr—o
T2 /(1—2t)f’(ta+(1—t)b)dt .1
0

1
+(1_ )(b a2 (X2a 3 / 2 20! // z_ta+£b _f// ta+2_tb dt
/ 2 2 2 2

R (LRI IR IE ST (RS0

_ r(l_a) PC o o
a1 | (o PO+ () P/
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Proof. By integration by parts, we have

1 1
,(2—t t 2 2 2—t t
fe=vs (PFrarge)a=;2or@- 52 [1 (35 ar o) a
1

/(tH“—l)f” <2a—|— b) —f( ) - 4(,91__;)0/1] 2°‘f< a+ b) dt.

0

and

Using a variable substitution, multiplying the results by a?(b—a)**127%"! and (1 — o) (b —a)?>~*2%3, and com-
bining them through addition, we reach the following outcome:

1

ocz(b—a)““Z’“’l/(t—l)f’ (22_ta—i— b) (2.2)

0

1

+(1—a)(b—a)* %27 /(z2‘2°‘ —1)f" (22_ta + ;b> dt

0
= o&*(b—a)*2%f(a)+(1-a)(b—a)' " *2°%f'(a)

atb
2

/ [02(t—a)®f(7) + (1 — )2 (t—a) ~F(7)] (r—a) %

a

21706
“(b—a) @

By following similar steps, we obtain

1

ocz(b—a)o‘“Z_“_l/(t—l)f’ <;a—|— 22_tb> dt (2.3)
0

1

F(1— ) (b—a)>92%3 / (22 1) f" (;a n 22_tb> dt
0

= Q)2 (b))~ (1-@)(b-a) 22 (1)

21—06

To-ae

Through the extraction of (2.3) from (2.2), we have
1

02 (b— a)*t12—o] /(z— 1) [f’ <22_ta+;b> 7 (;a+22_tb>} dt

0
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+(1 —a)(b—za)2a2a3 /]([2—205_ 1) {fﬂ (Ha+tb> _ <Ia+2_tb>] dt
0

= o?(b—a)*27(f(a) + f(b)) + (1= @) (b—a) "*2%72 (f'(a) + 1 (b))

e g |y PO+ (D0

2

Thus, by multiplying the both sides by % and by using the equality

O\_

(r—1) [ <a+ b) f(;a+22_tb>]dt:2/1(1—2t)f’(ta+(1—t)b)dt,

we derive the conclusion (2.1). O

Remark 2.2. Letting the limit as o — 1 in Lemma 2.1, it follows that

(f(a);f(b)>—bia/bf(x)dx: b

which was proved by Dragomir and Agarwal [3].

a) | /
(1=2t)f'(ta+ (1—1)b)dt,
0/

Corollary 2.3. In the limiting case oo = 0 in Lemma 2.1, we obtain

(b;a)z O/l(tz— 1) [f” (22_ta+;b> —f" (;a+22_tb>] dt
= (b;a) <f/(a);f/(b)> - bia Zf(x)dx— 7f(x)dx

Moreover, if we choose o, = % then the equality (2.1) transforms into the following equality

bia f(a)—;f(b)+f/( );f' /f )dx+ f(b) — f(a)

1
/(1 “20) [f(ta+ (1—1)b) + f"(ta+ (1 —1)b)] dr.
0

Theorem 2.4. Let f: 1 C RT — R be a twice differentiable function on I°, the interior of the interval I, where a,b € I°
satisfying a < b and let f,f', f" € Lla,b]. If |f'|? and |f"|? are convex on |a,b) for ¢ > 1, then the following inequality

holds:
2o (LD 4 1y gi-eaec (L7 0)) o
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_ M [ff;by’)? £(b)+ IEG?)D,‘E‘f(a)} ‘

<

@(b—a)* 12 (|f (@) £ 1 (B¢
e ()

1 1

st (e (1 (ot ) o (2

1
"a)|? ([ 1-«a "(b)|7 [ 5—6a 1 a
L (Ir'a) LU0 N |
2 \4-_2a 2 \2(3-2a)  4-2a
Proof. Firstly, let ¢ = 1. By the convexity of |f'| and | f”|, from Lemma 2.1 it follows that

oa’(b—a)*27* (W) +(1—a)(b—a)"*2%2 <W> (2.5)

Il—o) k,

_ N a PC a a
2a<bia)fa+l a+h)+Dbf(b)+ (#)—Daf( )”

2

Oﬂz(b _a)ochlzfoc

< S [ =2 (1 @]+ (1=0)lfb)

0

2—t

@+ 516+ @] 2 o) ) a

1
(1—a)(b—a)* %2% [ 5 o 21
+ T 0/\t 1| 5

Hence, due to

D=

1 1
(1—=2t)tdt = /(2t—l)(1—t)dt = % /(I—ZI)(I—t)dt :/(Zt— 1)tdt = 25—4

1

o\mw

(=]

and

1
2-2x

_ 22« —
0/(1 %) di 3 oy

we arrive at the expression on the right-hand side of inequality (2.5) in the following manner:

a(b—a)*r12 ¢ (f’ (a)+f’(b)> L (=o)(b—a)* 2" < -« ) (f”(a)+f”(b)>_

4 2 4 32 2

Moreover, for ¢ > 1, based on Lemma 2.1, utilizing the power mean inequality and the convexity of | /|7 and |f”|,
we can derive:

R () TR CAURR ALY
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T2 —a) e ()

1

q

I'(l-a) [pc +D‘b)‘f(b)—kl(iﬁb)Dﬁ‘f(d)”

o?(b—a)*ti2c

<

1 1
Jii=2ar || [r=21]r @17+ (1=0)17(5)
0 0

1

2-ana ; / _
+(1_a)(b—a) 2 /(1_t272(x)dt /(1_t272a) |:;‘f”(a)|q+22t‘f”(b)’q dt
0 0

16

1

q
t

1 1
2— /1 /!
" / -2y / (1-22) |22+ 51 o)

Thus, because of

1 1
2 1

/|1—2t|dt:/(I—ZI)dt+/(2t—1)dt:%, /2(1—2t)tdt:/(2t—l)(1—t)dt:214,
0 0

0

=

1
2

| 3 1

2—-2a 5
— 2-2a = — — = — = —
0/(1 %) dt 3 oo /(1 2t) (1 —1t)dt /(2t 1)tdt o

0

D=

and

the desired inequality (2.4) is satisfied.

Remark 2.5. Letting the limit as o¢ — 1 and putting ¢ = 1 in Theorem 2.4, it follows that

2

FOLIO) 1 f g < ) (L@LEFO),

which was proved by Dragomir and Agarwal [3].

Corollary 2.6. As a approaches 0 and for g > 1 in Theorem 2.4, we obtain

atb
2

(h—a) < f’(a)+f’(b)> o /b Fdr— [ )

4 2

a

gq—1

< G [ Girargrer) s (glrarsor)
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Furthermore, when a converges to 1 and under the condition q > 1, the inequality in Theorem 2.4 takes the following
form:

b
/(a) erf(b) - ! . / F(x)dx

(b—a) (If’(a)!“r\f’(b)‘q)l/q.

- 8 2
To validate the effectiveness of our theorem, we present an illustrative example.

Example 2.7. Taking the function f(x) = x> +x defined on the interval [0,2], we can evaluate the right-hand side of
inequality (2.4) as:

o2 (1413 %+(1—a) 220\ 12[(1-a $+ 560, 1 g
2 2 4 3-2a 7: | \4—2a 6—4a 4-2a '

On the other hand, we observe that

(b a)®2 @ (f(a) ;‘f(b)> (1—a)(b—a) @202 (f/(a) +f'(b>>

2

I(l-oa) P a P o
ey e [y PRI O+ (G 28000
a2 ! (1-a)? [/ 14 12 6
= 20 -a) - 300 T3o2a Tao2a )
] (v,
5.5 — v,
ve;lues of 010'4 02 03 25 valzues of q |

Figure 1: The graph of both sides of the inequality (2.4) depending on ¢ € (0,1) and g € [1,3].

Figure 1 clearly demonstrates that the left-hand side of the inequality (2.4) is consistently situated below the right-hand
side of this inequality for all o € (0,1) and g > 1.



T. Tung and I. Demir, J. Inequal. Math. Anal., 1(1), 2025, 65-78 74

Theorem 2.8. Let f: 1 CRT — R be a twice differentiable function on I°, the interior of the interval I, where a,b € I°
satisfyinga <bandlet f, f', f" € L[a,b]. If |f'|? and | f"|? are convex on [a,b] for q > 1, then the following inequality

holds:

o (b—a)*2~° <W> +(1—a)(b—a) %222 <f’(a) ‘gf/(b)> (2.6)
(1 - P o P o
B zoc(b(_a)a?xﬂ |:(:H2rb)+Dbf(b) + (#)Daf@)} ‘

B e <\f/(a)!"+!f’(b)\">‘l’

(p+1)r 2

canaa [ 2=2a)p N7 [ (1@ 31BN (31 @19+ (BT
N (e e [ e R N

1 1 _
where;—l—a—l.

Proof. Applying the commonly used Holder’s inequality and the convexity of | /|4, | f”'|7, from Lemma 2.1, we obtain

a2 (b—a)*2 " (W) +(1—a)(b—a) 22 <W) @.7)
ey o [y PRI+ iy 221
| e 2
< P(b—a)¥t1202 /yl—mf’dt /[r|f’(a)\q+(1—t) 17/(6)]") dr
0 0

1 1
2—t

1 P 1
+(1-a)b-ap o2t | | []e2e 1) /[;\f”(a)\uz\f”(b)\q dr
0 0

1 ? 1
2 —
o frreapa) | ] @ o) a

Calculating the integrals in the above inequality, we have

1 1/2 1 1
1—2tPdt = / 1—2t Pdt+/ 2t —1)Pdt = ——,
J R e R
0 0 1/2

[ilr @+ -l o)a = ORI
0
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1
2_ /! q 3 /! b q
O/[Q‘f//(a)‘Q_{_ zt‘fﬂ(b)‘q] dt = ‘f (a)| "z ’f ( )‘ ,

o—__

2=ty vgs Lyl g - ST @1 (0)
[2|f (@ +3|f (b)\]dt = 1 :

Also, using the property that is (A —B)? <A” —BP forA> B > 0and p > 1, we get
1 1
/‘IZ—ZOC _ l‘pdt < / [1 _t(2—2a)p:| dt = (2 - 2a)p )
[(2—20)p+1]
0 0
Replacing the derived integral results in the inequality (2.7), the desired result will be achieved. OJ

Remark 2.9. In the special case where o approaches 1 in Theorem 2.8, we obtain

b 1/
F@5®) U f | b (IP@F )Y
! b_aa/f( )d 32(p+1)1/,,( : ) ,

which was presented by Dragomir and Agarwal in [3].

Corollary 2.10. When a approaches 0 in Theorem 2.8, we have

atb

(b;a) <f/(a) ;f’(@) _ bia H/jf(x)dx— a/zf(x)dx

< o (2 1)"’ [('f”<a>lf’23|f”<b>|q>é \ (A rf"<b>|q>é] |

Also, if we take a0 = % then we obtain

/ ! s
(a) ;rf(b) L@ ;f (b) bia /f(x)dx+f(b) —f(a)

b—a  (1F(@)"+|f(B)"\
2(p+1)”"< 2 >

+b;a (1:;1)% [(f”(a)|q—z3|f”(b)]‘7>‘lf+<3f"(a)|q:|f”(b)|q)‘;].

In order to demonstrate the inequality derived in Theorem 2.8, we present an example that verifies its validity.

Example 2.11. Let us consider the function f as defined in Example 2.7. Later, we can evaluate the expression on
the right-hand side of the inequality (2.6) in the following way:

o2 135\ 7| 30— C-2a)p \} p1
(p+1) ( 2 ) = ([(2—2a)p+1]> (1+3,,)‘

Moreover, we know that

==
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2 2

e (e ) AT (AU RRALY

Irl—o) PC " e .

N m [<,T,)+Dbf(b)+ (T)Daf(a)”

_ 2, 7 (1-a)? 14 12 6
= 2a +§(1—O‘)_ ) (2_2a_3—2a+4—2a>'

Therefore, it can be seen from Figure 2 that the left-hand side of inequality (2.6) is consistently lower than the right-
hand side for all values of & € (0,1) and p > 1.

Ny

N 7

values of the functions Ak

0 —
3W 1
25 2 09 1

15 10 01 02 03 04 05 086 07 08

values of p values of a

Figure 2: The graph of both sides of the inequality (2.6) depending on @ € (0,1) and p € (1,3].

3. Conclusion

This paper begins with the development of a novel identity for the proportional Caputo-hybrid operator. Based on
this identity, we establish several integral inequalities associated with the right-hand side of Hermite-Hadamard-type
inequalities in the framework of the proportional Caputo-hybrid operator. Furthermore, we show that the proposed
results refine and generalize certain previously established results in the field of integral inequalities. Finally, to
enhance understanding and clarity of the newly derived inequalities, we provide several examples along with their
graphical illustrations. In comparison to classical calculus, our results are more advantageous as they highlight the
specific case of previously established bounds when o approaches 1. We hope that our approach and results will
inspire readers to explore this topic further. Future studies may explore similar inequalities for different fractional
integrals, and by considering other types of convexity, new Hermite-Hadamard-type inequalities could be derived.
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