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Abstract

This paper introduces a novel iterative scheme that integrates an inertial technique and Nesterov acceleration for solving the multi-
output set split common fixed point problem with k-semi-contractive mappings. The primary objectives are to enhance the convergence rate
and reduce computational complexity. Firstly, under the condition of fixed step size, two iterative algorithms are designed, and their weak
convergence and strong convergence are proved respectively. The strong convergence result is achieved by introducing relaxation parameters
and external control sequences. Secondly, to avoid the difficulty of operator norm calculation, a variable step size iterative scheme is further
proposed, which improves the practicality of the algorithm by dynamically adjusting the step size, and its convergence is strictly analyzed. The
theoretical proof shows that under the conditions of satisfying the subclosed principle and appropriate parameters, the sequence generated by
the proposed algorithm can converge to the solution of the problem. Numerical experiments verify the acceleration effect of the inertial term
and the advantages of variable step size.

Keywords: Multi-output set split common fixed point problems, k-semi-contractive mapping, inertial algorithm, Nesterov acceleration,
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1. Introduction

Let 27 and 7] be two Hilbert spaces, and A : 77 — 7] be a bounded linear operator. Let Ty : 7 — 5 and
T\ : 741 — 74 be two nonlinear operators. The split common fixed point problem [1] aims to find x* € 5 such that

x*€F(Ty) and Ax"e€F(T). (1.1)

Where F(Tp) denotes the fixed point set of Ty, and A~ (F (7)) = {x € ' : Ax € F(T})}.

In recent decades, the split common fixed point problem has been generalized in various ways. A significant
extension is the multi-set split common fixed point problem [2], defined as follows: For each i = 1,2,...N, let .5 be
a Hilbert space, A; : 5 — ¢ be bounded linear operators, and 7; : 74 — 7 be nonlinear operators. The problem

aims to find x* € 47 such that
N

X e F(To)([NAT (F(T)). (12)

i=1
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Where F(T;) denotes the fixed point set of T;, and A; ' (F(T;)) = {x € # : Axx € F(T;)} for each i = 1,2,...N.
When N = 1, the multi-output set split common fixed point problem reduces to the split common fixed point problem.
Throughout this paper, we assume that the solution set, denoted by S, of the multi-output set split common fixed point
problem is nonempty.

In 2023, Cui and Wang [3] addressed the above problem for the case when nonlinear operators are semi-contractive
operators. To find its solution, they proposed the following iterative method:

N
Xng1 =Xn— T YA} (Aixy — Ti(Aixy) ). (1.3)
i=0

Where 7 is an appropriate step size, A} is the conjugate operator of A;, and they proved its weak convergence under
the condition 0 < T(YY ,||4;||?) < k, as well as

Xnr1 = Ou+ (1—ot,) —TZA Ay —Ti(Aixn)) | - (1.4)

Where {a, } C (0,1], and proved its strong convergence. However, these methods require the calculation of operator
norms, which is difficult in practice. Subsequently, they proposed a variable step size iterative method by replacing T
with 7, setting the variable step size as:

kZNOHAxn t( ,x,,)HZ
2| ZNAF (- T A

n

and proved the weak and strong convergence of the above iterative methods respectively.

Inertial algorithms serve as a significant acceleration technique widely applied in iterative solutions for optimiza-
tion problems and fixed-point problems. The core idea of inertial technology is to incorporate information from the
previous iteration point into the current one, specifically by generating a momentum term through the difference be-
tween the current and previous points, thereby accelerating the convergence rate of the algorithm. The general form
of the inertial term is expressed as:

Yn =Xn+ Bn(xn _xnfl)

where f3, is the inertial parameter. This technique effectively addresses the slow convergence of traditional gradient-
based methods, demonstrating remarkable advantages, particularly when dealing with large-scale or ill-conditioned
problems.

Based on the above work, this paper further improves the iterative method for the multi-output set split common
fixed point problem under semi-contractive operators. By combining inertial algorithm with Nesterov acceleration
method, we accelerate the algorithm speed and prove its weak and strong convergence. Numerical experiments verify
that the acceleration effect of the inertial term and the advantages of variable step size are very significant.

2. Preliminaries
Definition 2.1. [4] Let k < 1. If for any x,y € /7,
|1Tx = Tyl> < [pe =yl + k| (1 = T)x— (I =T)y|>

. Where [/ is the identity mapping, then when k = —1, the operator 7 is called a firmly non-expansive mapping; when
k =0, it is called a non-expansive mapping; when k € (0, 1), it is called a k-strictly pseudo-contractive mapping.

Definition 2.2. [5] Let F(T) # @ and k < 1. If for any (x,z) € # x F(T)
17— 2> < [be—zl* + kllx — x|,

then when k = —1, T is called a firmly quasi-non-expansive mapping; when k = 0, it is called a quasi-non-expansive
mapping; when k € (0, 1), it is called a k-semi-contractive mapping.
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Remark 2.1. Let T be a k-semi-contractive mapping,then F(T) is a closed convex subset from [6].

Definition 2.3. [7] We say that T satisfies the demi-closed principle if / — 7T is demi-closed at 0, i.e., for any sequence
{xn} € and x* € A, we have:

xp—x* and (I-T)x,—0 = x"e€F(T).
Where — denotes weak convergence and — denotes strong convergence.
Lemma 2.1. [8] Let x € 5, then'y = Pcx if and only if y € C and satisfies (x —y,z—y) < 0,Vz € C.
Lemma 2.2. [9] Let {a, } be a nonnegative real sequence satisfying
ant1 < (1 —o4)a, + 8,,n > 0.
Where {ay,} C (0,1), {8,} is a real sequence. If Yooy O = +o0 and lim, .. 8, < 0, then lim,_, o, = 0.

Lemma 2.3. [3] Let Q = {0,1,2,...,N}, k = minjeg(1 —k;), and T = I — 1YY (A¥(A; — T;(A;)), where Ay is the
identity mapping on . If T; is a k;-semi-contractive mapping (i € Q), then for any (x,z) € J x S, the following
inequality holds:

N N
T~z < [lx—z|* — 7 (k— T), IIAi||2> Y A —Ti(Am)|.
i=0 i=0

Moreover, if 0 < T(Y N |Ai]|?) <k, then S = F(T).

3. Weak and strong convergence of iterative algorithms with fixed step size

Lemma 3.1. Let the nonnegative sequence {0y} satisfy ot,1 < (14 B,) 0, + Buct,—1(n = 1,2,...), where the non-
negative sequence {B,} satisfies Y ;.| By < oo, then the sequence {0} is bounded.

Proof. Let M, = max{,0.,. .., }, then we have 0 < o, < M), and 0 < o, < M,,, which gives:
Oy < (1 +Bn)Mn +BnMn = (1 +2ﬁn)M'l

Note that
Ml’l+1 = maX{(XOv a19 cre an’ a}’Hrl} = maX{Ml’l’ a]’l+1 }9

and
0<a; <M,(i=0,1,....,n), 1 <(1+2B,)M,.

Therefore, M1 < (1+2B,)M,.
Using the inequality 1+ x < ¢*(Vx > 0), we have:

My < (1+2B,-1)(1+2B5—2) -+ (1+21)M;

S ezﬁnf] . 6213"*2 ..... ezﬁl M1

— 62(B”"+B"’2+"'+B])M1.

Since Yo By < +oo, let Yoo By = D, then Y7~ 1 2 < 2D, therefore:
0<M,<ePM, :eZDmax{Oco, o}

Hence, for alln = 1,2,.. ., there exists a real number M such that M,, < M. This completes the proof that the sequence
{0, } is bounded.

For convenience, we set Q = {0,1,2,...,N}, k = min;eo(1 —k;), and assume that k; € (0,1),Vi € Q.
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Algorithm 3.1. Choose an arbitrary initial point xo € .77, and set x; = x¢. Given the current iteration x,,, compute the
next iteration x, as follows:
Yn =X+ ﬁn(xn _xnfl)y

N
h=Y—T1 'ZOA? (Ai)’n - Ti(AiYn))a
1=
Xn+1 = Zn.
where 7 is an appropriately chosen step size.

Theorem 3.1. Let T; be k;-semi-contractive mappings (Vi € Q) satisfying the demi-closed principle, 0 < (Y ¥, |A;[?) <
k, and Y5 _o By < +oo. Then the sequence {x,} generated by Algorithm 3.1 weakly converges to an element in the
solution set S of problem (1.2).

Proof. First, we prove that {x,} and {y,} are bounded sequences.
By Lemma 2.3 and Algorithm 3.1, we have:

N N
Fons =217 = |z = 2l < v —2]* — (k— ) IIAi|!2> Y [y, — Ti(Aiya) 1> CRY
i=0 i=0

Since 0 < T(LN ¢ [|Ail|?) < k, we have [|[x,41 —2]|? < [[yn — 2| icees [[Xas1 — 2] < [lyw— 2| Since y, = X, + B (0 —
Xn—1), We get:
Iy —zll = |lxn — 2+ Bu (X0 — Xu—1) ||

< ln =2l + Bu e — 2= (xn—1 = 2)

3.2)
< 1w = zll + Ba ([l — 21 + [[x0—1 —2[)
= (14 Bu) [Ixn —zll + Ba llxn—1 — 2] -
Thus, from ||x,+1 —z|| < ||y, —z|| and the above inequality, we obtain:
(X1 =2l < (1+Ba) [0 — 2| 4B lln—1 — 2] - (3.3)

Since Y7 By < oo, using inequality (3.3) and Lemma 3.1, we find that {||x, — z||} is bounded. Therefore, {x,} is
bounded. From (3.2), we see that {y,}, {Aiyn}, {Ti(A;y,)} are bounded. Hence, there exists G > 0 such that:

0 <max{|[x, —z,

Aixy

Xnlls [|Ynlls T;(Axn) ||} <G, (n=0,1,2...,i=0,1,2...).

Next, we prove that A;x,, — T;(A;x,) — 0(n — o0,i = 0,1,2...N). Since

[1n =zl < llxn = zll + Ba llon — xn1
< lon = 2| +2GBy,

We have 5 )
[y —2l|” < (lxn — 2]l +2GBy)

= |lxy —z]|* + 4G B2 + 4GB, ||x, — 2|
< |lxn —z|)* + 4G* B2 + 4GB,

= |lx, —z||* +4G*B, (1+B,).

Since Y Bn < oo, we have lim,_,.. 5, = 0. Therefore, there exists ng € INT such that when n > ngy, we have
0<B,<1,so0:
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Combining with (3.1), we have:
2 2 i 1) & 2
i1 —z)* < llxa =2l +8G7Bu— 7 | k=7 Y [|Aill* | ¥ lAiyn — Ti(Aiya) I
i=0 i=0

Thus

Al 2\ 2 2 2 2

T k=A™ ) Yl Avn = Ti(Aa) 7<% —2l|” = %01 — 2l +8G*Ba, (n=n0,no+1,...) .
i=0 i=0

Then
N

N
T (k— TY HAi||2> Y [Aiyn — Ti(Aiyn) I
0 l:() l:0

I

n

oo

< Y (Il = s —2I7) + X 866,

n=no n=ng
2 2 v
= |xny — 2| —,}1_{{10||xn+1—2” +’;)8GB,,

<%0, — 2||* + 8GS < oo,

Note that 7(k— YN [|A;]|*) > 0, so the series T(k—TXq [|Ai[|*) Lo, (220 |Aivn — Ti(Aiyn)||*) converges, hence:

N
Jim 3 Ao~ TiA)I =0

Therefore:
Aiyn = Ti(Aiyn)’ Vie Q

Since ||y, — xu|| = Bullxn — xn—1]| = 0(n — o), we have y, —x, — 0(n — o). Note that A;y, is the fixed point of
operator 7;, therefore:

Aixn — Ti(Aixa) |” = [|4i (n — yn) +Aiyn — Ti(Aix ) |
= [l Ai(x = yu) + Ti(Ayn) = Ti(Aixa) |
< (J4i (= ya) | + I T:(Ava) = Ti(As) )
= 11Ai Cen = y) 1> + 2 14 (n = ) | | T (Aiyn) — T (A |
+ 1T () = TiAwe) |1
= 11 Cen = y) 1> + 2 14s (n = ) || [|Aiyn — Ti(Ai) |
+ Ay — Ti(Ana) |
Since 7; is a k;-semi-contractive mapping, we have:
Ay = Ti(A) I” < [ Aivn = Al P + ki | (7 = T A |
= |Ai (v — 20 [I* ki | Aictn — Tr(Aixa ) ||
Then

[|Aix, — Ti(Aixn)H2 < [|Aiyn _Aianz +2 HAi(yn _xn)H |Aiyn — Ti(Aixn)H
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+ |Aiyn — Aixn||? ki |Aixn — T (Aixa) ||
< 2114 (v — %) II” 2|4 5 — 20) | [|Aiyn — T (A |
< 2| A7 1yn = xall* +AG A [yn — xa]l = 0, (1 — o).

Therefore
Aixy —Ti(Aixy) =0, (n—o0).

Finally, we prove that every weak cluster point of {x,} belongs to S.
Let x* be any weak cluster point of {x,}, then there exists {x,, } C {x,} such that x,, — x*(k — —+o0). Since A;
is a bounded linear operator, we have A;x,, — A;x*. Also, since A;x,, — E(Aixnk), by the demi-closed principle, we

have:
A =T(Ax") = x" €A Y(F(T)).

That is, x* € S. By the arbitrariness of x*, we conclude that {x, } weakly converges to an element in S.

Lemma 3.2. Let the nonnegative sequence {A,} satisfy
A1 < [1 - an(l - ﬁn + O‘nﬁn)]An + (1 - an)anﬁnAn—l + oy,
where {a,} C (0,1), limy_ye @, =0, Yoo 0y = +o0, lim,, 00 B, = 0, and ¢ > 0. Then the sequence {A,} is bounded.

Proof. Let M, = max{Ag,Aj,...,A,}, so we have 0 <A, <M, and 0 <A,_; < M,. Then we obtain:

Since lim,_,e 8, = 0, for any & > 0, there exists N; € IN™ such that for all n > N, we have |B,] < §. Let
M = max {AO,Al, AN, % } We will prove by mathematical induction that 0 <A, <M foralln > 0.

Indeed, whenn =0, 1,...,Ny, it is obvious that A, < M.

Assume that for n = k (k > Nj), we have A; <M (i =0, 1,...,k), which implies M; < M. Then forn =k+ 1, we

have:
Agg1 < (1 — o) My + 04 (2| Be| Mk +¢)

<(1—og)M+ oy (eM+c).
Since M > ¢, i.e., c < €M, we have:
Apr1 < (1—og)M + oy (eM + M)
=(1—og+204)M
=M[l—oy(1—2¢)] <M.

Therefore, the sequence {A, } is bounded. This completes the proof.
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Algorithm 3.2. Choose an arbitrary initial point xo € Z and u € J#, and set x; = xg. Given the current iteration x,,,
compute the next iteration x,, 1| as follows:

Yn :xn"'_en(xn_xnfl)a
N
Zn =¥—T ZOA:( (Aiyn - T;(Atyn))9
=
Xnt1 = Ouu+ (1 — )z
Where 7 is an appropriately chosen step size.

Theorem 3.2. Let T; be k;-semi-contractive mappings (Vi € Q) satisfying the demi-closed principle. If the step
size T satisfies 0 < T(YN o |Ai|1?) <k {0} C (0,1) with o, — 0(n — o), Yoo oty = oo, % — 0(n — +), and
Yo 6, < oo, then x, — Ps(u)(n — +oo).

Proof. Since z, = y, — TZ?/:OA;‘ (Ajyn — T;(Ajyn)), by Lemma 2.3, we have:

i=0 i=0

N N
e e (k— T), HAiHZ) Y Aiyn = Ti(Awa) |1 (3.4)

Thus, ||z, — ¢|| < |lyn —¢l|,Vc € S. Since y, = x, + 6, (xy — Xn—1), let a, = ||x, — Ps(u)||*. Then:
1y — Py () |[* = [l — Py(1t) + 6, (0 — 1) ||
= Joen — Py () >+ 62 |10 — X1 [|* + 26, (6 — Py (1), %0 — X 1)
< Jlw = Po() 1”4+ 02 (Il — Po(w) || + a1 — Po(u0) )
426, [|x0 — Py (u) || (262 — Py (ua) | + [|x0—1 — Py (ue) ||)
< Jon = Pe(@) [ + 2602 ([lxn — B () |* + et — Po(w) )
+26,, [0 — Py (1) [ + 6 ([0 — Po(u) > + v 1 = Py(w) )
= (14267 +36,) [lx, — Pi(u) |* + (267 + 6,) [lxn—1 — P(u) |®
=a,+6,(26,+3)a, + 6,(26, + 1)a,—
From (3.4), we have ||z, — Ps(1) | < [[yn — Ps(u)]. so:
ans1 = [ns1 = Ps(u)|* = [l ot — Ps(u)) + (1= ) (20 — Ps(u)) |
= o [lu—Ps(u)||* + (1 — 00)? [lzn — Ps(u) ||*
+20,(1—ay) (u—Ps(u),z, — Ps(u))
< 02 ||u—Ps(u)||* + (1 — 0)*[an + 6,(26, + 3)an + 6,(26, 4+ 1)a,_1]
+20,(1—ay) (u—Ps(u),z, — Ps(u)).

Let:
,_ (1=00)26,(26, + 3)a, + (1= 0,)26,(26, + Vaw1 + 0 = R(w) > +200(1 = &) (u = R(w). 20— Py(w))
We have

ant1 < (1 —oy)a, + b,
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By Theorem 3.1, z,, — x*, where x* € S. By Lemma 2.1 we have:
’}EIC}O(u—PS(u),zn—PS(u)) = (u—Ps(u),x* —Ps(u)) <0, Vx"eS.
From (3.3), we have
20 —cll < llyn —cll(¥c € S). (3.5)
Since
[[yn =l = llxn — ¢ + 6 (x5 — Xu—1) |
< lxn = el + B llxn — X1 |
= [0 — c[| + Onllxn — c + ¢ — X1 |
< [Jxn = ¢[| + B2t — c[| + B[l xn—1 — ]|
= (1464 [lxn — ¢l + Onllxa—1 — |- (3.6)

0, .
Let — = f3,.S
et Bn-Since

X1 = cll = [0 (u =) + (1 = &) (20 — €]
< apllu—c|[+ (1 — )|z — <]
< Olu— el + (1= o) yn — <]

< oy llu—cf| + (1= 0)[(1 4 6,) [[xn — || + B |xu—1 — ]
= 0|t —cf| + (1= 04:) (L + 06 Bn) [[xn — ]| + (1 — 0) &P x0—1 — ]|
= [1 = o (1 = B+ B[ — cll + (1 = 0 ) 0B |01 — €| + 0 [Ju — .

By the given conditions &, C (0,1), &, — 0, Y»_ @, = o0, lim,,_,.. B, = 0, using Lemma 3.2, we find that {||x, — ||}
is bounded. Thus, combine with (3.5)(3.6),the sequences {x, }, {yn}, {z.} are all bounded.
Note that lim;, e 9— = lim, e 0, = 0, 0 lim,_..b, < 0. Therefore, by Lemma 2.2, we have lim,_..a, = 0,
hence:
xn — Ps(u), (n— o).

This completes the proof of strong convergence.

Remark 3.1 It is noteworthy that the sequences {x,} generated by Algorithms 3.1 and 3.2 in Reference [3], which
correspond to Equations (1.3) and (1.4) in the present work, are Fejér monotonic with respect to the set C. In contrast,
the sequences {x, } produced by Algorithms 3.1 and 3.2 proposed herein fail to exhibit Fejér monotonicity with respect

to C. Consequently, the methodologies adopted for proving the four main theorems in this paper differ fundamentally
from those employed in Reference [3].

4. Weak and strong convergence of iterative algorithms with variable step size

Algorithm 4.1. Choose an arbitrary initial point xy € 77, and set x; = xp. Given the current iteration x;, compute the
next iteration x, as follows:
Yn :xn"i_Bn(xn_xnfl)a
N
Xnt1 =Yn—Tn L A;k( iyn — Tz(Alyn))
i=0

k Z HAlyn I(Az}n)

Ty = | YN AF (I —T;)A;ya|| = 0, then the iteration stops.

Z Af (1= T)A,yn
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Theorem 4.1. Let T; be k;-semi-contractive mappings (Vi € Q) satisfying the demi-closed principle. If Y. By < +oo,
then the sequence {x,} generated by Algorithm 4.1 weakly converges to a solution of problem (1.2).

Proof. From Algorithm 4.1, we have:

2
N
[l X 41 _ZH2 = (yn _Z) —Tn ZAT (Aiyn - Ti(Aiyn))
i=0
N 2
= llyn =2l + 37 | X A7 (A — Ti(Aiyn)) @D
=0
N
- ZTn Z <yn _Z,A;'k (AiYn - Z(Alyn)» :
i=0
Since T; is a k;-semi-contractive mapping, by Definition 2.2, we have:
—k
(Aiyn = Aiz. Ay = Ti(Aiyn)) =~ [An = Ti(An) I
k
Z5 1Aiyn — Ti(Ary) |1
Substituting into (4.1), we get:
2 2 A ’ u 2
Hxn—i-l _ZH < Hyn _ZH + Tr% ZA:'F(Aiyn - T,'(A,-y,,)) - Tnkz HAiYn - Y}(Aiyn)”
i=0 i=0
KE Ao~ TiCAmn) I [ 2
= [|yn Z”z‘i’fn 1:18 l*n " 2 ZA?(AiYn_E(Aiyn))
2||EN 0 AF (I =T A [|i=0 42)
u 2
- Tnkz HAiyn - Ti(Aiyn) H
i=0
T.k N 2
= llya =2l = 2 Y A= T I < I 2.
i=0
So |[xp+1 —z|| < ||yn — z]|. From the iteration format y, = x,, + B, (x, — x,—1), we get:
10—zl = [l — 2+ B (X0 — 20—1) |
< lxn =2l 4+ Ba [l (xn —2) = (xa1 = 2)
(4.3)

< ln = 2ll + B lln = 2| + B ln—1 — 2|
= (14 Bo) [l =2l + Ba llxn—1 =zl

Hence, [[xy+1 —z|| < (14 Bu)||lxn — 2|l + Bullxu—1 —z||. Since ¥;»_ By < oo, using the above inequality and Lemma
3.1, combined with the proof process of Theorem 3.1, we find that the sequence {||x, —z||} is bounded. Thus, from
(4.3), {y,} is also bounded, and {A;y, }, {T;(A;y,)} are all bounded. Therefore, there exists G > 0 such that:

0 < max{|x, —z

s [ Xnll s yn ’ Alyn ) Y}(Aiyn)H}SG,n:O,l,.-.i:O,l,...N.

Similar to the treatment in Theorem 3.1, for ng € IN ™, Van > ng, we have:

lyn = 2lI* < Il = 2]* +8G?B,..
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Combining with (4.2), we have:

yn—T; tyn)H +8G2ﬁn,( nOy”O"‘L-u)-

N

Thus:
Z 1Ay — TH(Aya) 1P < [1n — 2> = [xns1 — 21> + 8G? By

By the Cauchy-Schwarz 1nequa11ty.

kZNo”Atyn l( LYn)HZ
2|0 A (1= T) Ay

kYo Aiyn — Ti(A lyn)H2
(ZNOHA*(I Tl) IYnH)

kZNOHAtyn Ti(A tyn)||2
_ZZN (HA*H |Aiyn — t( z)’n)”)
kZNOHAlyn_Tz( tyn)H2
2 (0 IA7112) - (o lAivn — TiAiva) 12)
- 2x 471

\/

Hence:

D E—— Z H iyn — t zyn S —~ Z HAtyn T; lyn)H
4ZN 0||A*|\

< xn — 2l* = [xas1 —2]|* + 8G?B.
Then,we get

N N
P 1 Z (leAzyn T:(Aiyn) |l ) Y (I —2l? = s = 217) + ) 8G?B,

4ZN0HA*H E\5

N
2 . 2
= [l —2ll* = Tim g1 — 21"+ ) 8G*B,

n=ngp

N
< g — 2>+ Y 8GPB, < +oo.

n=ng

This implies that the series Y, (X [[Aiyn — T;(Aiyn) ||* converges, s0 Ay, = T;(Aiya), Vi € 1.

Similar to the proof of Theorem 3.1, we can show that A;x, — T;(A;x,) — 0(n — o), and subsequently, as in

Theorem 3.1, we can prove that x, — x* € S.

Algorithm 4.2. Choose an arbitrary initial point xo € # and u € J#, and set x; = xg. Given the current iteration x;,,

compute the next iteration x,, 1 as follows:

Yn :xn+ﬁn(xn_xn71),

N
Zn =Yn— T _ZOA;F(Aiyn_TKAiyn))’
i=

Xnt1 = Out+ (1 — 04)zp.

_ kZ oHAtyn ( iyn H N *
T = SN A (LA 2 If || XiioAF (I —T;)A;yn|| = 0, then the iteration stops.



Ren-Xing Ni, Tao Ye, J. Inequal. Math. Anal., 2(1), 2026, 17-30 27

Theorem 4.2. Let T; be k;-semi-contractive mappings (Vi € Q) satisfying the demi-closed principle. If {a,} C (0,1)
with o, — 0(n — +o0), Yoy 0ty = oo, g—: —0(n— o), and Yyr_ B < +oo, then x, — Ps(u)(n — +oo).

Proof. The specific proof process refers to Theorem 3.2 and is omitted here.

5. Numerical experiments

To verify the effectiveness of the proposed algorithms, we conduct numerical experiments comparing our inertial
algorithms with the original methods from [3].

5.1. Problem setting
Find x* € J¢ such that:

X' € F(To)NAy (F (1) A7 (F(1)) NAy (F (T3)).
Experimental Setup:
e Main space: 7 = R!?
e Output space: J# = R8
e Number of operators: N = 3
Specific operators:

eO.Sx _e—O.SX

e k-semi-contractive mapping on main space: Ty : R'® — R0, T (x) = 0.7x+0.3 (ko = 0.3)

0.5x +e —0.5x

e Semi-contractive mappings on output space:
Ti(y) = 0.8y +0.2arctan(0.6y), (k; =0.2).

T»(y) = 0.75y4+0.25(y/ (1 +[y])). (k2 = 0.25).
T3(y) = 0.85y +0.15exp(—0.4[y|), (k3 = 0.3).

Bounded linear operators:

A R" - RE,
8,10) + 0.1 x R
4y = QB HOIXR 3y
32
8,10) + 0.1 x R
gy = BN HOIXR ) 333
3.0
8,10)+ 0.1 x R
Ay = ;Jgr XI5 4s] = 0357

where eye(m,n) denotes the m x n identity matrix, and Ry, R,, R3 are randomly generated matrices.
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5.2. Algorithm comparison
Algorithm 4.1 from [3] (without inertia):

3
Xp+1 = Xnp — TZA?(JZ{ixn - T,(;zf,xn))
i=0

Where s )
2|| Lo Ar (I = ;) x|

Our improved Algorithm 4.1 (with inertia):

Yn = Xn +Bn(xn _xn71>a

3
Xnd1 = Yn— T ZAT (Aiyn - Z(Alyn))
i=0

Where

k Z ||Azyn - T;(Alyn) ||
Ty = 27 k=0.7, ﬁn =
(I =T;)Aiyn

0.3
(140.057)06"

Algorithm 4.2 from [3] (w1th0ut inertia):

B

3
Xnt1 = Ou~+ (1 — o) [xn — Ty ZA;-‘(Aixn —Ti(Aixn))

i=0

Where
1 kZ [Aixn — Ti(A ,xn)||2
@ = s = 7 k=07,
i (I—T:)Axy
i=0
Our improved Algorithm 4.2 (with inertia):
Yn =X+ Bn(xn _xrhl),
=Yn— T ZA Aiyn —T; lyn)>

Xnt1 = Opu + (1 — 04) zp.
Where
1 0.3 k Z ||At}’n t( tyn)”z

_ _ = . k=07.
+nes P= Troosnps @ 2
F(I=T)Aiyn
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5.3. Algorithm comparison figures

The numerical results obtained using Matlab R2020b demonstrate that the inclusion of the inertial term signifi-
cantly accelerates the convergence. Furthermore, the error curve exhibits a smooth and monotonic decrease without
oscillations.

Figure 1 shows a comparison of Algorithm 4.1. The non-inertial algorithm reaches convergence criteria after ap-
proximately 60 iterations. In contrast, the inertial algorithm achieves the same accuracy with only about 52 iterations,
a reduction of approximately 13.3% in iteration count. This indicates that the inertial term effectively corrects the
search direction by incorporating momentum information from historical iteration points, thereby approximating the
solution set with fewer steps. Within the same computation time, the error reduction rate of the inertial algorithm
is consistently faster than that of the non-inertial algorithm. The non-inertial algorithm takes approximately 0.028
seconds to converge, while the inertial algorithm takes only about 0.020 seconds, a reduction in computation time of
approximately 28.6%. Figure 2 shows a comparison of Algorithm 4.2. The improved algorithm achieves convergence
criteria 0.013 seconds earlier, demonstrating a significant time efficiency advantage.

Output Sets Split C Fixed Point Problem - Time Effici Comparison
T T T T T
\

Algorithm Convergence Comparison (by Iteration)
0

—— Ref[3] Alg4. 1 (no inertia)
- = = Improved Algd.1 (with inertia)

Algorithm Convergence Comparison (by Time)

10°

'Ref[3] Aig4. 1 (no inertia)
= = =Improved Algd.  (with inertia)

N
100 \

[rime Speedup: 1.27x

-

10

Error (log scale)

Error (log scale)

Error (log scale)
T

0 10 20 30 40 50 0.015 0.02 0.025 0.01 0015 002 0025 0.02 0035 0.04
Iteration Count Computation Time (seconds) Computation Time (seconds)

Figure 1: Algorithm 4.1 comparison Figure 2: Algorithm 4.2 comparison

5.4. Algorithm robustness analysis

To investigate the robustness of the algorithm to the setting of the inertial parameter f3,, we examined the perfor-
mance variation when the decay coefficient 7y fluctuates within the interval [0.3,0.8]. The inertial parameter was set
as B, = 0.3/ (14 0.05n), with 7y taking values from the set {0.3,0.4,0.5,0.6,0.7,0.8}. As shown in Figures 3 and 4,

Convergence Speed vs. 4107 Convergence Accuracy us.

Convergence Speed o’ Convergence Accuracy vs. 7
T T 9 T

5 95
] 260
o ot i 89
s0f < S 06 1 240
{ 88

85007
87 85007 T

I e asder 85007
5

e

Final Eror (log scale)

Final Error (log scale)
n &

Number of Iterations

i i . I | i |
02 05 64 08 05 07 o8 0s 03 035 04 045 05 055 06 086 07 075 0 03 04 05 05 07 08 03 04 05 06 07 08
Dacay Coefficlent -y Decay Coefficient Decay Cocfficient Decay Coefficient

Figure 3: Algorithm4.1 robustness analysis Figure 4: Algorithm4.2 robustness analysis

when 7y varies within a relatively large range from 0.3 to 0.8, the algorithm consistently exhibits stable convergence.
The number of iterations changes smoothly without any divergence or sharp degradation in convergence speed. Even
at the boundary values ¥ = 0.3 and y = 0.8, the algorithm still converges successfully. This demonstrates that the
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proposed inertial algorithm is insensitive to the parameter 7y setting, indicating excellent parameter robustness. In
practical applications, stable acceleration effects can be achieved without precise parameter tuning.
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