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Abstract

In the paper, the authors modify the definitions of ¢j_¢-convex functions and extended ¢j,_,-convex functions, establish two new integral
identities, and, by virtue of these two integral identities, present several new integral inequalities of the Hermite—Hadamard type for extended
¢y,_s-convex functions.
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1. Introduction

In this paper, let / C IR = (—co,00) stand for an interval.
In the 2016 paper [1], the authors introduced the following concept of ¢, (-convex functions and studied some
properties of ¢,_s-convex functions. See also [2].

Definition 1.1 (Essentially modified version of [1, Definition 2.1]). Leth: (0,1) - R4 = (0,00) and ¢ : I CR — R
such that ¢ (7) = {¢(x),x € I} is an interval with inner points. For s € [0, 1], a function f : ¢ (/) — R is said to be
¢n-s-convex on ¢ (1) if the inequality

t 1—1¢

F09) +(1-0000) < [ 55] 100 + [ 1= o) (L.

holds for all x,y € I and 7 € (0,1).

Remark 1.1. Under the condition of Definition 1.1,

1. if s € (0,1], ¢(x) =xforx €1, and h(t) = 1 for 7 € (0,1), then the ¢_,-convex function becomes an s-convex
function, see [3, 4];
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2. ifs€(0,1], ¢(x) =xforx el and h(r) = % fort € (0,1), then the ¢.,-convex function is an s-Godunova-Levin
convex function, see [5];

3. ifs=1,¢(x) =xforxel, and h(t) =2+/t(1 —1) fort € (0,1), then the ¢ s-convex function is an MT-convex
function, see [6];

4. ifs=1,¢(x) =xforxel,and h(t) = ﬁ(t) fort € (0,1), then the ¢y,_-convex function is an h-convex function
defined by [7, p. 304, Definition 4].

In [8], the concept of extended s-convex functions was innovated below.

Definition 1.2 ([8, Definition 2.1]). A function f: I C R — IR is said to be extended s-convex on an interval [ if

flex+(1=t)y) < f(x)+ (1-1)"f(y) (1.2)
holds for all x,y € I and 7 € (0, 1) and for some fixed s € [—1,1].

In [9], the authors extended s € [0, 1] in Definition 1.1 to s € [—1,1] and improved Definition 1.1 by introducing
the following extended ¢y, ,-convex functions.

Definition 1.3 (Slightly modified version of [9, Definition 2.1]). Let 2 : (0,1) — Ry and ¢ : / C R — R such that
¢(I) = {¢(x),x € I} is an interval with inner points. For some s € [—1,1], a function f : ¢(/) — R is said to be
extended ¢y,_;-convex on ¢ (I) if the inequality (1.1) holds for all x,y € I and 7 € (0,1).

Remark 1.2. Under the condition of Definition 1.3,

1. ifs e [O, 1], then the extended ¢;,_s-convex function is a ¢j_s-convex function, see [1];
2. if¢(x) =xforxelandh(t)=1fort € (0,1), then the extended ¢j.,-function is an extended s-convex function,
see [8].

Example 1. For some fixed s € [—1,1]\ {0} and 0 < p < 1, define f(x) = x?/(?*1) for x € (0,1], h(t) = ¢'~7/s(r+1)
forz € (0,1), and

xPTL xe(O,l)\{;};

o(x)=1<1, x=s

1 p+1
<2> , X—= 1.

Then f(¢(x)) = x” and [h(f—t)]“ =P/ P+ forx € (0,1)\ {1} and 7 € (0,1), with £(¢ (%)) =1 and f(¢(1)) = (3)".
Using the inequality (u+1)" <u"+1foru>0and 0 < r < 1, forall x,y € (0,1] and 7 € (0,1), we obtain

(x4 (1 _t)yp+1]l7/(l’+1) <P/ 0P 4 (1 — )P/ (P Dy,

This means that, although ¢ is not continuous, but ¢ (/) = (0, 1] is an interval with inner points, the function f(x) =
xP/(P+1) is still extended ¢.,-convex on (0,1].
Example 2. When ¢ (I) = {2,5}, which is not an interval with inner points, the function f in (1.1) is defined on the
set ¢(1) = {2,5} with two points. But the left hand side in (1.1) requires f to take values in the interval (2,5) =
{2t+5(1—1),r € (0,1)} ={5—3t,t € (0,1)}. This is the reason why we required ¢ (/) in Definitions 1.1 and 1.3 to
be an interval with inner points.
Example 3. For0 < p <1, let

o1(x) =20Pt xen = (0,27 (PHD]

and
02(x) =xt, xeb= (0,1].

It is easy to see that ¢ (l;) = ¢»(l») = (0,1]. If a function f were extended ¢y, -convex on ¢;(I;) = (0,1] and
extended ¢, .-convex on ¢, () = (0, 1], we can still differentiate them naturally.
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In [9], some integral inequalities for extended ¢;,_;-convex functions were established. We now modify and restate
Theorems 3.1 to 3.4 without any change of their proofs in [9] as follows.

Theorem 1.1 ([9, Theorem 3.1]). Let h: (0,1) - Ry, let ¢ : 1 CR — R and f: ¢(I) — R be differentiable, and
let |@'| be convex. For some s € [—1,1] and g > 1, if |f'| is an increasing extended @y, -convex function on ¢ (1),
f(9)9' € Li(I), and (1 —2x) [—)] € L1([0,1]), then for a,b € I° with a < b, we have

b o / s 1/q
< O = (o v roen [ - o) )
where ||¢/H°° = SUPxe[q,b] |¢/(x)|

Theorem 1.2 ([9, Theorem 3.2]). Let h: (0,1) >Ry, let ¢ : 1 CR — R and f: ¢(I) — R be differentiable, and
let |@'| be convex. For some s € [—1,1] and g > 1, if |f'| is an increasing extended @y, -convex function on ¢ (1),
(@) e Li(1), and [hEcT)]S € L1([0,1)), then for a,b € I° with a < b, we have

Foa) +f0®) 1
OO L pota

< C=aWle (1) (oo o] [ o] @)

where ||¢/H°° = SUPxc[q,b] |(P/(X)|

Theorem 1.3 ([9, Theorem 3.3]). Leth: (0,1) >Ry, let ¢ : I CRR — R and f: ¢(I) — R be differentiable, and
let |@'| be convex. For some s € [—1,1] and g > 1, if |f'| is an increasing extended @y, s-convex function on ¢ (1),

f(0)¢' € Li(1), and xs(ﬂ), (h?( )) € L([0,1]), then for a,b € I° with a < b, we have

\bia/abfw(x))dx—f(qb(“;b))\
Ry o P

+<\f’(¢(a>)lq/li2(1—t>[h(tt)] wstroo [ o] @)
where [|¢'[|e = sup,c(, 19" (x)]-

Theorem 1.4 ([9, Theorem 3.4]). Let h: (0,1) >Ry, let ¢ : 1 CR — R and f: ¢(I) — R be differentiable, and
let |@'| be convex. For some s € [—1,1] and g > 1, if |f'| is an increasing extended @y, -convex function on ¢ (1),

(@) € Li(1), and x(x),(h:(x))x € L([0,1]), then for a,b € I° with a < b, we have

Pl ) S

X{(!f’((b(a))lq/()m[h(tt)] at+ 17 (9 ()" //z[h{t} )”q
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+<\f’(¢(a>>rq/li2[h(tt)} a+ir oo [ [h(’t] )Uq},

where ||¢/H°° = SUPxc[q,b] |(P/(X)|

In this paper, we first establish two new integral identities under the condition that the range of the function ¢ is
an interval, and then, by virtue of these two new integral identities and Holder type integral inequalities, present some
integral inequalities of the Hermite—-Hadamard type for extended ¢,_;-convex functions.

2. Two new integral identities

In this section, we establish two new integral identities.

Lemma 2.1. Let ¢ : I CR — R, let ¢(I) be an interval with inner points, and let f : ¢ (I) — R be a differentiable
Sfunction. If f' € Li(¢ (1)), then

A= A00) L [ =200 [ pugta) (- npte @

and

1/2 1
o) ~0t@l| [ "1 6o@ -+ (1-ne@)ar+ [ =170 +(1-ne6)a| @2

for a,b € I° such that ¢ (a) # ¢ (b)

Proof. The identity (2.1) can be proved by using [10, Lemma 2.1].
The identity (2.2) follows from [11, Lemma 2.1]. O

3. New integral inequalities of Hermite—Hadamard type

In this section, we present several new integral inequalities of the Hermite—Hadamard type for extended ¢y, -
convex functions.

Theorem 3.1. Let h: (0, ) — Ry, let g : ICR— R, andlet f: ¢(I) — R is an extended @¢y,;-convex function on
¢ (I) for some fixed s € [~1,1]. If f € Li(¢(1)) and [ 163 ] € Li([0,1]), then for a,b € I° such that ¢ (a) # ¢ (b), we

have

2h(1/2)) ( ¢(a)+ ¢ (b) 1 o) M7
. f< ! )f¢<b>_¢<a>/¢(a) f(u)dus[f<¢<a>>+f<¢<b>>1/o[ ]dt.

Proof. Fort € (0,1), using the extended ¢, ,-convexity of f, we have

0@)+0(0)Y _ ,(16(a)+(1=0)(b) + (1 =1)¢(a) +19(5)
(B = z )

1/2 S
h(l/z)} f(1=1)¢(a)+19(D)) (3.1)

) +F((1=1)¢(a) +19(b))
h(1/2)) '

< [ | reo@+ -0+

_ flg(a) +(1=1)9(b
[

[\
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Integrating with respect to t € (0,1) on the very ends of the inequality (3.1) and making the variable transform
u=t¢(a)+ (1—1)¢(b) forz € (0,1) result in

f<¢<“)+¢<b)> :/01f<f¢(a)+<1—f)¢(b)—i—(l—t)(])(a)—i—t(})(b))dt

2 2

= [2h(11/2)]s/ol[f(tq)(“)+(l_t)¢(b))+f((1—f)¢(a)+f¢(b))]dt

IR LI
= 9() 0@ / fu) du.
Further, making the variable transform u = ¢ (a) + (1 —1)¢ () for z € (0,1) and using the extended ¢y, -convexity
of flead to
1 o (b) 1
000 oy W= [ FG0(@) + (1D (@)a
< [ ([it] reotan+ |5 rtoon Yo
— (0l + £(00))] [ ||
Theorem 3.1 is thus proved. =

Corollary 3.1. Under conditions of Theorem 3.1,

1. if s =1, we have

a (b) 1
h(;)f(‘” );q’(b)) < ST /q)‘:) ) du < [£(0(a) +£(00)] [ 75

2. if s =0, we have

3. if s = —1, we have

L (9@ +000) L o)
! (PO < st L rwan< o) + o)) [ ar

Corollary 3.2. Let 0 < p < 1 and a,b € Ry with a < b. Then

- ( _|_1)(b2p+1_a2p+1) p+1
~ (2p+1)(brtl —artl) — 2p+1

1 pF1_y ppt1y P/ (PH1)

i (a” +bP).

21/ (p+1) 2

Proof. Let ¢(x) = x"*!, f(x) = x?/(P*1 for x € Ry, and h(r) = ¢'=7/5(*1) for r € (0,1) and for some fixed

€ [-1,1]\ {0}. By virtue 0€ [9, Example 2.1], we deduce that f(x) = x?/(?*1) is extended ¢.,-convex on R.
Since f(¢(x)) = x? and [ﬁ] = ¢7/(P*1) for x € Ry and 7 € (0,1), with the help of Theorem 3.1, we arrive at

20(1/2)]° (¢(a)+(b)\ 1 aptl 4 pptl p/(p+1)
2 f< 2 ) T 9l/(p+1) ( 2 > )
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1 /¢(b) i — (P+ 1>(b2p+1 _a2p+1)
4

0(6)—9(a) o T 2pr )OI —artT)
and
1 s 1
o)+ oo [ [555] o= 25 @ o),
The proof of Corollary 3.2 is completed. O

Theorem 3.2. Let h: (0,1) > Ry, let ¢ : 1 CR — R, and let f: ¢(I) — R be differentiable. For some fixed s €
(1,1}, if f € Li(¢(1)) and |f'| is an extended @y, s-convex function on ¢ (I), then for a,b € I° such that ¢ (a) # ¢ (D),

1. when U ()) € Li([0,1]), we have

<M[|ff( NI+ (o / 12t|[h(tt} dr; (3.2

2. when ()€L1([0 ])and( ()C))XJELl([%,l]),wehave

\M/ﬂ)f wan—s ()

<lo)-o@llr @i+ e ([ [ s] a+ [ a-n[;5] ). 63

Proof. Since |f'] is a ¢,g-convex function, we acquire

a0 () +(1-1) \_[}S ¢(x))|+[h(11_—tt)

}S|f'(¢<y>>\ G4

for all ¢(x),¢(y) € ¢(I) and any ¢ € (0,1).
From Lemma 2.1 and the inequality (3.4), it follows that

f(9(a)) +f(9(b)) 1 o)
’ 2 - 9(b)—9(a) /¢(a) S () du

< W’(b)—q’(“ﬂ/l |1 =2t||f (t(a) + (1 —1)9(b))|dt
2 0

SW{/lu_zﬂ([fﬂ FloGanl+ s ] 1))}
= OOy + oo f 12157 o

The inequality (3.2) is proved.
Utilizing Lemma 2.1 and the inequality (3.4), we gain

’Mﬁj)f s (HOTH)
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<lo) o] [l Go@+ (1 -0p®)la+ [ 1-0I G0l +(1-0o()]a
<tow)-o@n{ [([o55] wow@n+ [ns] |f'<¢<b>>\) @

(5 L e )

t

/ / 172 ’ 1 t g
~l00) - o@Ilrto@)l + 1@ ([ |y are [ a0 | ).
Thus, the inequality (3.3) is proved. Theorem 3.2 is thus proved. O

Theorem 3.3. Let h: (0,1) - Ry, let ¢ : 1 CR — R, and let f: ¢(I) — R be differentiable. For some fixed
e[-1,1], g>1,and g >r >0, if | f'|7 is an extended @y, s-convex function on ¢ (1), ' € Li(¢(I)), and o2 o

L([0,1]), then for a,b € I° such that ¢ (a) # ¢ (b), we have [n(x)]*
f(9(a)) +/(9(b)) 1 o(b)
2 - 9(b)—9(a) /¢(a) () du
—¢la - 1=1/q s 1/q
§|¢(b)2¢( )|<2qq_r1_1) ([If’( (@) +1f" (¢ / \1—2t|f[ ] ) ,

Proof. As in the proof of Theorem 3.2, using Lemma 2.1, the inequality (3.4), and Holder’s integral inequality, we
obtain

- W’(”)—‘P(“ﬂ/ |1 —21||f (9 (a) + (1 —1)9 (b)) dr
2 0

< |<i><b>2—<f><a>l</01 I zt‘wr)/(ql)dt)]_l/q (/01 [1=21)"|f' (19 (a) + (1 r)¢(b>)|‘fdr>

<ol (ot VTR ([ t]\f( @i+ [t ooy}

= ol el(a=L YT (papiroonr] [ -]t @)

The proof of Theorem 3.3 is completed. O

1/q

Theorem 3.4. Let h: (0,1) > Ry, let ¢ : 1 CR — R, and let f: ¢(I) — R be differentiable. For some fixed
e[-1,1],g>1,and g >r>0,if|f'|7 is an extended ¢y, s-convex function on ¢ (I), f' € Li (¢ (1)), % eL([0,1]),

and “U72" € Ly ([3.1]), then for a,b € I° such that ¢ (a) # ¢ (b), we have

om0 ()|

1 (2g—r-1)/q 1 1-1/q
<lo) - 0(a ) (555)
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Aot [Po ] weiromn [ (l_t)r[h(tt)]sdt>l/q

e (irotar [ [  arireonr [ el ) @) )

Proof. As argued in the proofs of Theorems 3.2 and 3.3, we deduce

it o o152)
<to) - o(al[([“rea) " ([Prirus - 0-nowna)

([ (l—t)(qr)/(ql)dt>l_1/q< / (1—t)’lf'(t¢(a)+(1—t)¢(b))"df)l/q

/2 /2

<o -o@(2) IR L (] e

e[ o) ]

oo ([t e+ [T ireonr) o] )

“om—el (D) () (e [ ]
eiromnt [ o] e)

e (o [ o[t airenr [ Cef] @)

Theorem 3.4 is thus proved. O

1/q

4. Remarks

Finally, we give several remarks about related stuffs.
Remark 4.1. Definition 1.3 in this paper is a slightly modification of [9, Definition 2.1].
Remark 4.2. Remark 3.1 in [9] should be corrected as follows:

If ¢ has a derivative of the first order and |¢’| is concave, if for ¢ > 1 the function |f’|? is decreasing
extended ¢y,;-convex on ¢ (1), then Theorems 1.1 to 1.4 in this paper still hold.

Remark 4.3. This paper is a slightly modified version of the preprint “B.-Y. Xi and F. Qi, Several new integral
inequalities of Hermite—Hadamard type for extended ¢,_s-convex functions, Preprints.org, 2025100012, 9 pages. DOL:
https://doi.org/10.20944/preprints202510.0012.v1.”
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