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1. Introduction

1.1. A Calderon theorem for harmonic functions

It was proved by A. P. Calderén in [1] that nontangential limits and nontangetial boundedness are essentially
equivalent for harmonic functions on the Euclidean upper half-space IR}ﬁd = (0,00) x RY. More specifically, let
u(t,x) be a function defined on ]Rfd. For a Lebesgue measurable set E in IRY, u is said to be nontangentially
bounded at all the points of E, if for each xo € E and p positive there is a constant Cy, p such that

sup  [u(t,x)| < Cxyp,
(t.x)€lp (x0)

where T'y (x) is denoting the open cone with vertex (0,xo) and aperture p, T (xo) = {(,x) € R} : [x —xo| < pt}.
Likewise, u is said to have nontangential limit [ at x if, for each p > 0,
lim  u(t,x) =1,
(¢,x)—(0,x0)

where (#,x) tends to (0,xp) within I' (xo). Then, Calderén theorem states the following.

If u is a harmonic function on lled and is nontangentially bounded at all the points of a set E of positive Lebesgue
measure, then u has nontangential limit at almost every point of E.

This is a fundamental result to obtain significant extensions of the classical Hardy spaces H”, see for instance
Chapter VI, §4 of [2]. It is also important to highlight that L. Carleson proved a more general version of Calderon
theorem in [3].

*Corresponding author. Email: guilleflores@unc.edu.ar
Email address: guilleflores@unc.edu.ar (Guillermo J. Flores (%)

doi: 10.63286/jima.035
Received: 15 September 2025 Revised: 31 October 2025 Accepted: 6 December 2025

This work is licensed under a Creative Commons Attribution-NonCommercial 4.0 International License.


https://creativecommons.org/licenses/by-nc/4.0/
http://dx.doi.org/10.63286/jima.035
https://orcid.org/0000-0003-3956-8261
https://orcid.org/0000-0003-3956-8261
http://dx.doi.org/10.63286/jima.035

G. Flores, J. Inequal. Math. Anal., 1(3), 2025, 167-178 168

1.2. Hermite type operators and main results

Consider the following positive operator
L=—-A+]xP+A, A>-d

If A = 0, this is the well-known Hermite operator £ = —A + |x|?, for this reason it can be said that £ is a Hermite-
type operator. If L = —d, £ can be transformed into the Ornstein-Uhlenbeck operator £459, = —A +2x -V, via the
formula

e'x‘z/zﬂ(ef‘x‘z/zu) =—Au+2x-Vu+ (A +d)u.
Thus, it is usual to say that a function u is £-harmonic on the upper half-space if it satisfies
uy = Lu on ]Rfd.
It is stated in this manner a Calderén theorem for £-harmonic functions.

Theorem 1.1. If u is an £-harmonic function on ]Rfd and is nontangentially bounded at all the points of a set E of
positive Lebesgue measure, then u has nontangential limit at almost every point of E.

This theorem provides a supplementary explanation of the main result, Theorem 1.1, of [4]. Moreover, in these
notes the key ideas developed in [4] are analyzed separately and optimized, allowing the following positive operator
to be studied.

Consider then the perturbed Laplacian

L=-A+o, o> 0.

Theorem 1.2. Ifu is an L-harmonic function (u;; = Lu) on lRfd and is nontangentially bounded at all the points of
a set E of positive Lebesgue measure, then u has nontangential limit at almost every point of E.

There are no Calderén theorems beyond those stated in this manuscript, corresponding to [1] and [4], much less
generalizations such as the one obtained by L. Carleson.

Throughout these years there has been a significant interest in studying to what extent the fundamental properties
of the classical Laplacian can be extended for the operators introduced above, among several others. On the large
number of publications about these topics, the following can be cited [5—11] and references therein.

2. Preliminaries

2.1. The Poisson integral associated with £

A relevant class of £-harmonic functions on the upper half-space, introduced in [9] (see also [12]), is given by the
Poisson integral associated with £ and defined as

u(t,x) = /le P (x,y)f(y)dy, (2.1
where P denotes the £-Poisson kernel
- tz'“ —1("‘7’"2+v\x+ |2) Atd
PS(xy) = " /16 SN Chet) IR
r \Xs (471.)(14-(1)/2 0 s% (%lnﬁ)% <1+S)%+1 s
-5

and f is a Lebesgue measurable function belonging to the space

200 ={7: [ 1501000y <=}
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for
ef|YI2/2

(14 [y) A+ /2 [in(e + [y[)]>/2

if A>—d,
0 () =
e*MZ/Z

_ if A =—d.
n(e+ )]/ '

As stated in §7.2. “Non-tangential convergence” of [9], the £-harmonic function u has nontangential limit f(x) at
almost every x € R9.

It is natural to use the notation e~V f for the above Poisson integral since the Poisson semigroup associated with
£, denoted by {e”! ‘/E},>0 and defined via Bochner’s subordination formula

e VEf(x ’sgf(x)ds, >0,

\/471/0 §3/2

see for instance Chapter II of [13], takes the explicit integral representation (2.2). In the last expression, {e **};~¢
denotes the heat-diffusion semigroup generated by £ given by

e = [ HE) S () dy.

where

&_

() (1)t

S(xy) =
iy () @rs)t (1495

is the £-heat kernel (see e.g. [10]). In addition, u(z,x) = e~ f(x) is a well-defined (smooth) function satisfying the
following £-heat equation

u; = —Lu on ]Rfd
and has nontangential limit £(x) at almost every x € R,

2.2. The Poisson integral associated with L

Similarly, an L-harmonic function on the upper half-space is given by the Poisson integral associated with L and
defined as

u(t,x) = /]R JPEy)f(y)dy, (22)

where PL denotes the L-Poisson kernel

. ¢ e (P HyP) /s

and f is a Lebesgue measurable function belonging to the space

e (X(I-Hy‘z)
(1) +e/2

Z'(0) = {f:/w £ () dy < oo} for — ¢(y) =

Again, as stated in §7.2. of [9], the L-harmonic function u has nontangential limit f(x) at almost every x € IR?.
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2.3. Pointwise inequalities for the £-Poisson and L-Poisson kernels

One of the key properties that allow studying several results of Potential Theory for Poisson integrals associated to
£ and L are the following pointwise comparisons between the £-Poisson and L-Poisson kernels with the usual Poisson
kernel denoted by

t

— I+d
) =G e RS

where Cy is a positive constant such that / p1(x)dx = 1. More generally, Cp, p,... shall consistently denote positive
R4

constants depending mainly on some parameters pi, Pz, ..., not necessarily the same constants at each occurrence.

Lemma 2.1 (§6.1, Lemma 4.1 and Lemma 4.2 [9]). For every (t,x) € ]Rfd there exist C; x and Cw},x positive numbers
depending mainly on t and x such that

Cox92 () <P (xy) <Cuta(y)  VyeR<
Also, there exist positive constants y and C such that
2 _|vl2
PE(xy) SC(L+ 1) e 2 [p(x—y)e P22y (y) +192(5)]  Vi>0xyeRY,
where U = {y € R" : |y| < ymax{|x[,1}}.

Lemma 2.2 (§5.2, Lemma 5.1 and Lemma 5.2 [9]). For every (t,x) € ]Rfd there exist C; , and CN',,X positive numbers
depending mainly on t and x such that

Cr90(y) <PL(x,y) <Cid(y) VyeR%

Also, there exists a positive constant C such that

PL(x,y) < Cy(1+ x)4/ 2V | max{t, 1 d/zm% +1 vVt >0,x,y € RY,
7 (x,) < Co(1+[x])Y%e {t.1} o v(y)+1(y) X,y

where U = {y € R" : |y| <2max{|x|,1}}.

3. Complementary results

3.1. The £-Poisson integral of a measure

Let v be a locally finite complex Borel measure on RY, that is, V is finite on compact sets and v = v| +iVv,, where
v; and v, are signed Borel measures. Denote below by |Vv| the fotal variation measure associated with v.

The pointwise inequalities introduced at the end of the previous section allow to prove without difficulty the
assertion below.

Proposition 3.1. Letr v be a locally finite complex Borel measure. Then, the following conditions are equivalent:

(i) /R B (xy)d|v|(y) < o, forall (x.r) € REH
(ii) /]Rd Py (x0.y)d|V|(y) < oo, for some (t9,xo) € RI™.

(i) [ 03 0)dIvI(y) <o

Furthermore, if v satisfies the above conditions (i) — (iii), then

v(t,x) = /}R B (xy)dv(y) € ¢ (R},



G. Flores, J. Inequal. Math. Anal., 1(3), 2025, 167-178 171

Next, it makes sense to consider the Poisson integral associated with £ of a locally finite complex Borel measure
v defined as

e Ve (x) = / PE(xy)dv(y),  onRL.
R
Therefore,

e_“/EM (x) is finite for some (z,x) € RY™ iff /d 0, (y)d|Vv|(y) < oo
R

Thus, as expected, the nontangential limit for e’ ‘/Ev(x) exists a.e.

Theorem 3.2. If v is a locally finite complex Borel measure such that

00 dVI) <=
R

then u(t,x) = e~'VEv(x) is an £-harmonic function on R and has nontangential limit f(xo) at almost every point

xo of R, where f is the Radon-Nikodyn derivative of v with respect to the Lebesgue measure.

Only the nontangential convergence of last theorem will be proved since the remaining properties are obtained
from direct calculations and the previous proposition.

Lemma 3.3. Let xo € R? and let n be a natural number such that |xo| +2 < n. If v is a locally finite complex Borel
measure such that

0 0)dIviy) <
Rd

then

tm [ REay)av(y) =0,
B<(0,ny)

(£.x)—(0.x0)
where y is as in Lemma 2.1 and (t,x) tends to (0,x0) within R}
As usual, B°(x,r) denotes the complement of the ball centered at x of radius r.

Proof. Since x is tending to xo, it can be assumed that |x| + 2 < n. Now, applying Lemma 2.1,

/. P,S(x,y)d\/(y)‘ SCn,df/ ¢ () d|v|(y)
B¢(0,ny) R4

and the proof follows immediately. OJ

Hence one may focus on

[ Bey)avi),
B(0,yn)

for |x| +2 < n. In fact, denote by m the Lebesgue measure. The Lebesgue-Radon-Nikodym decomposition for v,

implies that there exist locally finite complex Borel measures vy and fdm such that f is locally Lebesgue integrable,

Vo and m are mutually singular, dv = fdm + dvy,
v(B(x,r))

rl_i)r(g m = f(x) and

Vol (B(x, r))

=0 for almost every x € R%.
=0t m(B(x,r)) Y

And so,

Lo PEey)av) = [ RS f0)dy+ [ Ry dwaly).
B(0,yn) B(0,yn) B(0.yn)
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Lemma 3.4. Let vy be a locally finite complex Borel measure such that

/Rd%(y)d|"0|()’)<°° and lim [ol (B(x.r))

= .e.xe R
r—0+ m(B(x,r)) 0 aexc

Then, the nontangential limit

lim / PE(x,y)dvo(y) =0 a.e. xo €RY.
(t.x)—(0,x0) JIRY

Proof. By Lemma 3.3 it can be assumed that v, has finite total variation, ||Vo|| < e=. Also, note that if x € 'y (xo) then
pi(x—y) < Cp pi(xo—y). Thus, by the second inequality of Lemma 2.1

o B dvl(0) <€y [ pio=3)dIvol () + Cut 62 () d]vol )

and the second term on the right-side vanishes as ¢ — 0T Then, except for a multiplicative constant

Jrpte i) < [ ool + X [ 7 (v =) dvol ()

(x0,2/711,271)

il | ( x0,2jt))
S;? (B(x0,271))

and last series vanishes as 1 — 0 since it is convergent and

lim 1 ‘V()‘(B(X(),th))

— - =0, for every n € IN.
1=0% 7= 27 m(B(xO,ZJt)) Y

Proof of Theorem 3.2. For each point xo, let n € IN such that |xo| +2 < n. So, write

/ PE(x,y)dv(y) = / PE(xy)dv(y) + P (x.y)dv(y)
B(0.ny)

Bc(0,ny)

—/ S(xy) f )dy+/ P (x,y)dvo(y)
Oyn B(0,yn)

* / PE(0y)dv(y),
B<(0.ny)

where 7 is the constant from Lemma 2.1 and dv = fdm + dVy is the Lebesgue-Radon-Nikodym decomposition for v
mentioned above. The last two summands on the right side vanish as (z,x) tends nontangentially to (0,x¢) (a.e. xo) by
Lemmas 3.3 and 3.4. Also, since

/]Rd |f(y)’%3(0,n7) (y) 92 (y) dy < oo,

Theorem 1.1 (see also section 7.2) in [9] can be applied to f(y) Xp(0..y) () obtaining that the nontangential limit

(tx)—(0,x0) /B

tim [ BHey) )y =) aexo,
(0,yn)

as desired to prove. O
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3.2. The L-Poisson integral of a measure

The same ideas apply to the L-Poisson integral of v considering Lemma 2.2 obtaining the following.

Proposition 3.5. Let v be a locally finite complex Borel measure. Then, the following conditions are equivalent:

(i) /Rd PE(x,y)d|V|(y) < oo, for all (x,t) € RI+.
(ii) /]Rd Ptﬁ(xo,y)d]v](y) < oo, for some (to,xp) € lR}ﬁd.

(i) [ 00)dlvI() <

Furthermore, if v satisfies the above conditions (i) — (iii), then
Wex) = [ PHry)av(y) € C7(RE).

Lemma 3.6. Let xo € R? and let n be a natural number such that |xo| +2 < n. If v is a locally finite complex Borel
measure such that

[ 00)avIE) <=,
IR

then

li PE(x,y)dv(y) =0,
(t,x)gﬁ),xa) Be(0.2n) (,y)av(y)

where (t,x) tends to (0,x) within R},

Lemma 3.7. Let vy be a locally finite complex Borel measure such that

|vol (B(x, r))

d|v <o  and lim =0 aexecRY.
/]Rd o () dlvol (v) r—0+ m(B(x,r))
Then, the nontangential limit

lim PE(x,y)dvo(y) =0 a.e. xp € R?,

(£,x)—(0,x0) JIRY

Theorem 3.8. If v is a locally finite complex Borel measure such that
/¢mﬂwm<&
R4

then u(t,x) = e Vv (x) is an L-harmonic function on RV and has nontangential limit f(xo) at almost every point
xo of R, where f is the Radon-Nikodyn derivative of v with respect to the Lebesgue measure.

4. Proof of Theorems 1.1 and 1.2

4.1. Reductions and notation

Let E be a Lebesgue measurable subset of RY with positive measure, and let « be an £-harmonic function on
]Rfd that is nontangentially bounded at all the points of E.

One can assume without loss of generality that E is contained in a cube Q centered at some point yg with side
length 1, since it suffices to the proof for each intersection of £ with a member of a mesh of cubes of side 1.
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Next, for every positive rational number p; and every natural k, consider
Fpx={x0 €E:|u(t,x)| <k, (t.x) € Tp,(x0) },

so that u is uniformly bounded in each (0,e0) x F, s and E can be written as the countable union of all F, ;. Thus,
proving the nontangential convergence of u almost every point of each set F, 4, the proof of the theorem will be
completed. So for simplicity, fix an aperture p; and a bound k, and set F, = F, «.

Now, denote the union of cones with aperture p, height 2 and vertices in F,, by

= ) Tplxo)N{(x.1): 0 <1 <2},

X()GFP
One more reduction is that |u| < 1 on <7 can be assumed by dividing by k. Set also

B= ] Tpxo)n{(t.x):0<r <1} and f%’j:.ﬁf—%eud, JeN,

x0E€F,
where €44 = (O, ...,0, 1) is the canonical vector in R!14, Finally, one last notation is
G =RB;N{t=0} - R,
where {t = 0} denotes the set {(0,x) : x € R?}. So note that

B C A, PBC B and F, C Y, forall j € IN.
4.2. A special £-harmonic function
As usual, denote the boundary of 2 by 0.%4.

Lemma 4.1. Let My be a positive constant. There exists a nonnegative £-harmonic function v such that v(t,x) > My
on d A\ {t =0} and v has nontangential limit 0 at almost every point of F.

Proof. Denote ¥ = YRa\r,» the characteristic function of R4 \ Fp, and define

v(t.x) ZM/Rdx(y)Pf(x,y)dy on R34,

where M will be a positive constant to be chosen later, so that v is nonnegative. Also, since ) is bounded and so

[ 000 2)dy <
R

Theorem 3.2 can be applied to the Borel measure ) dm obtaining that v is an £-harmonic function on the upper half-
space and has nontangential limit O at almost every point of F,,. Thus, it only remains to prove that v(¢,x) > My on
d %\ {t = 0}, and this is where the explicit expression of the £-Poisson kernel

2
T e () (e

1, 2miEs
e . t e I-s ¢ 2
Pt (x,y)_ (47t)(]+d)/2/0 %(

ds,
i) (1)

comes into play once again as a key element.

Suppose first that (7,x) € d.%\ {r = 0} with r < 1. Note that the ball centered at x of radius pz, B(x,pt), and F,
are disjoint. If this were not the case, there would be a point xo € B(x, pr) N F), then (7,x) would be an interior point
of the cone I'y (xo). But this contradicts the assumption that (z,x) € d 4.

Next, let 0 < € < 1/8. For 0 < s < €, there exist positive constants C; and C, such that

>

1— Atd g 1
%ch and s<In +s
(14s)=2 ! I—s

SCzS.
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Also for 0 < s < €, and since F), is a subset of the cube Q centered at yo with side length 1, then there exists a positive
C; such that

Vslx+yl < x+1yl <20l +p < Cs(lyo| +p)  forally € B(x,p1),

and thus, ¢~ 101" > Cy,p for all y € B(x, ot ). Therefore for all y € B(x, pt),

2 _l(\x—w)z
€emse 4\ s
P (x,y) >CyO,pt/ T3 ds
§2 852
r2+\xfy\2
e 5 ds
>Cyot _—
= “Yo.p /0 S% s
12 _y2 o0 —§ it ds
(change of variables § = +|xy|> = yo,pt/ ¢ 5 yEs] TS
s (P+x—) (24 x—y]2) 7 S
o0 ¢ _d+1
>C, X — / e 52 ds
vo.p Pr(x =) e 1(14p2)
= yo,p,ept(x_)’)- 4.1)
Then
nfl
(t )C) > Cyong/ x y) dy C}’OPEM/ st (42)

On the other hand, for r = 1, there exists (1,x;) € d% such that |x;| < |yo| 4+ p and B(x;,p) N F, = 0. Therefore,
for (1,x) € 0% and y € B(x1,p), clearly

e+ < x|+ [y —x1| + 1| < Cypp-

Proceeding as in the previous part,

n—l

lx M/ Pl X,y dy>Cy0ng/ st (43)

Both expressions (4.2) and (4.3) can obviously be made to exceed My by choosing M appropriately. Ul

4.3. Proof of Theorem 1.1

Proof. After the introduced notation, for every natural j consider the translations of u in the ¢-variable
_ 1
uj(t,x) = u(t + j,x),

and denote x;(x) = X#;(x), where X is the characteristic function of ¢;. Now, consider the £-Poisson integral of
the function fj(y) = x;(y) u;(0,y),

0/ = [ HOBy)dy,  onRY,

which is well-defined since

L o050y < [ e 2y <o

J

and has nontangential limit f;(xo) a.e. xo € R? by Theorem 3.2.
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Next define the £-harmonic functions

vi(t,x) =uj(t,x) — @;(t,x) on R,

Note now that || f;||; is uniformly bounded, in fact || f;||; < C(1+2p)¢ for all j € N. Then by Helly’s theorem,
there exists a subsequence { f}, } and a finite Borel measure v (depending mainly on yo and p) such that

lim fjkg:/ gdv,  forall g € Co(RY).
R4 R4

k—yo0

In particular,
[, 010)dlvIE) < vI(RY) <
and since P*(x,-) € Co(RY), it follows that

fim [ Fi ) B (xy)dy = /IR BE(xy)dv(y)  on RY

P (l7x)

Hence, the function
o(tx) = [ PE(xy)dv(y)  on R
IRd

is £-harmonic and has nontangential limit f(xo) a.e. xo € R?, where f is the Radon-Nikodyn derivative of v with
respect to the Lebesgue measure by Theorem 3.2. Moreover,

lim v, (,x) = u(t,x) —@(t,x)  on R, (4.4)

k—boo

soset y(t,x) =u(t,x) — @(t,x). Then, u = @+ y and the proof will be completed by showing that y has nontangential
limit O for almost every point in Fj,.
Note first that

lim v (r,x) = u;,(0,x0) — fj,(x0) =0 ae. xo
(t.x)—(0.x0)

where (,x) tends (0,x9) within 2, since F, C ¢; for every j € IN. But moreover, note that if xo € ¢;, then xo is a
Lebesgue point of f; and Theorem 1.1 of [14] can be applied obtaining that

( )li% )ij (t,x) = u;,(0,x0) — fj,(x0) = 0 for every xo € ¥, 4.5)
t,x)—(U,x0

where (7,x) tends (0,x0) within 2.
On the other hand, by Lemma 2.1

@ (1,%)] < C(1+ || el/2 /11{”’ O [P (=)™ 220 (y) +162.(v) ) dy
<C(1+[x)"eM /2 (1+1) on R
Therefore,

x2
W (6,)] < i (£,) 4195 (1) < T4 CelT /2 (141) (14 [x])? < My (4.6)
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on %, and thus on d %\ {t = 0}, where it has been previously established that M, , is a constant depending mainly on
yo and p. Applying Lemma 4.1, there is a nonnegative £-harmonic function v such that v(r,x) > My, , on d %\ {t =0}
and v has nontangential limit O at almost every point of F. It follows from (4.6) and (4.5) that, for all j

v(t,x) £y (t,x) >0  ondZ\{r =0}
and

Sy " V)2 g ) 20
where (7,x) tends (0,xp) within Z. Next, a standard argument based on the Minimum Principle (see for instance §18.2
and a corollary of The Hopf Maximum principle, Theorem 18.5, in [15]) will show that v(z,x) &+ y;, (¢,x) > 0 in A.
Assume for contradiction that there exist € > 0 and a point (¢*,x*) € £ such that v(t*,x*) + y;, (t*,x*) = —2¢€ < 0.
Since v + y;, is nonnegative and continuos on d% \ {t = 0}, the minimum principle implies the existence of a
sequence {(¢,x})}icn in 2 that converges to (0,x0) for some xo € F, such that v(¢,x}) + y;, (¢,x]) < —¢ for all
i. But for i sufficiently large, the number y;, (1, x]) is very close to 0 by (4.5), so that v(z",x}) would be negative for
such i, which contradicts that v is nonnegative.
Therefore it follows that

W (1,x)] < v(t,x) on A, for all jy,
and then
ly(t,x)] < v(t,x) on 4.
This implies that

lim t,x) =0 a.e. xp € F,
(10— (0.%0) v() 0="p

where (,x) tends (0,xp) within 2. It will now be proven that y has nontangential limit 0 at almost every point of F},.
Note that almost every point of F}, is a point of density of Fj, that is

1

lim ———— dy=1 e xo€F,.
0t m(B(xo,r))/B<xo,r>"FP(y) Y ae- K0S

simply because xp, is a locally integrable function. Thus, if xo is a point of density of Fj, and I'g (x0) is a cone with
arbitrary aperture 3, then the inequality || < v on 4, implies that |y/(7,x)| < v(z,x) holds for (z,x) sufficiently close
to (0,x0) within T B (x0). Consequently, y has nontangential limit 0 at almost every point of F}, since v has it, and the
proof is completed. O

4.4. Proof of Theorem 1.2
In continuation of the reductions and notation introduced at the beginning of the previous section, it is obtained
that.

Lemma 4.2. Let My be a positive constant. There exists a nonnegative L-harmonic function v such that v(t,x) > My
on d#\ {t =0} and v has nontangential limit 0 at almost every point of F.

The proof of this lemma is similar to the proof of Lemma 4.1 since Theorem 3.8 allows to define the L-harmonic
function

v(tx) =M | x(y)B(xy)dy  onRL,
R¢
where M is a positive constant to be chosen conveniently. At the same time, for (¢,x) € 02\ {t =0},

_ 2y

L Ce
P, (x’y) > Cyo,Pt/ d
0 )

N
? ZCyOsp98pt('x—y)’

2

as was shown in (4.1). Thus the function v is the desired one.
Finally, the proof of Theorem 1.2 can be obtained by following the main arguments of Theorem 1.1.
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