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Abstract

In this paper, by using the weight functions, the idea of introduced parameters and the techniques of real analysis. a multidimensional
half-discrete Hardy-Hilbert’s inequality with the new kernel as W (a,A > 0) involving one partial sum is obtained. The equivalent
B

statements of the best value related to parameters are considered, and some corollaries are deduced.
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1. Introduction

Assuming that p > 1, l + l =1,a,,b, > 0,0 < ZZ 1 aly < ooand 0 < Yo, bl < oo, we have the following well
known Hardy-Hilbert’s 1nequa11ty with the best Value ol /p (cf [1], Theorem 315):

Z Z m+n sin(:;/p) (i aﬁ) <gb3> : (1.1)

m=1n= m=1

If f(x),g(y) >0,0< [y fP(x)dx < ooand 0 < [;"g9(y)dy < oo, then we have the integral analogue of (1.1) with the
same best value named in Hardy-Hilbert’s integral inequality as follows (cf [1], Theorem 316):

/0°° /O°° dey = sin(z/p) (/Omfp(x)dxy (/Owgq(y)dy> i’ (1.2)

In 2006, by means of Euler-Maclaurin summation formula and the techniques of real analysis, Krni¢ et al. [2]
gave an extension of (1.1) as follows:
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< B(M.A2) (Zmpl —h)- ) <an1 ) 1bq> : (1.3)

where 41,4, € (0,2],A; + A, = A € (0,4], the constant B(4;,A;) is the best value, and

tufl

B(M,V) :/O Wdt,u,v>0 (14)

is the Beta function.

In 2016-2017, Hong et al. [3, 4] considered several equivalent conditions of the extensions of (1.1) and (1.2) with
a few parameters related to the best values. Some other results were provided in [5-7].

In 2019, by means of (1.3) and Abel’s partial summation formula, Adiyasuren et al. [8] obtained an extended
application of (1.3) involving two partial sums. In 2020, Mo et al. [9] gave an extension of (1.2) involving two upper
limit functions. Inequalities (1.1)-(1.2) with their extensions played an important role in analysis and its applications
(cf. [10-20]). In 2023, Hong et al. [21] gave a more accurate multidimensional half-discrete Hilbert-type inequality
involving one derivative function of m-order, and [22] gave an extended inequality with the same kernel involving one
multiple upper limit function. Some dependent results were published by [23-27].

In this paper, following the way of [21, 22], by using the weight functions, the idea of introduced parameters and
the techniques of real analysis. a multidimensional half-discrete Hardy-Hilbert’s inequality with the new kernel as
m (a,A > 0) involving one partial sum is obtained. The equivalent statements of the best value related to

parameters are considered, and some corollaries are deduced.

2. Some lemmas

In what follows, we assume that
HD. p>1(g>1),5+;=1LapeR::=(0,2),1>0, 4,4 € (0, /1) mo,neN':{l 2, }, u(x),u'(x) >
0,4 (x) <0, (u(x))Mu(x) is decreasing in x € (g — 1,e0), with u(oe) =eo, y = 2=R 4 4 3y 2=y B g >,
A,(,?) = am,A,(,,l) =0 Gk (k,m € Ny, 1= {mo,mp+1,---}), satisfying A,(n) = (e’”(’")) (t>0;m— ), g(y) >0
(=01 o) €RY [l := (0P,

= ((m)' 0
= (u(m))p(i—wil)ﬂ

n— l
e A

Remark 2.1. (i) In view of the assumption H1, since i € {0, 1},2/(x) >0, (u(x)) 1/ (x) (= 2= [(u(x)) 114 (x)])
is also decreasing in x € (mg — 1,00).

(ii) For y € (0,1),mp = Liu(x) = x",x € (0,00), A; € (0,71/ 1], u(x) > 0,4/ (x) = "1 > 0,u”"(x) = y(y -
1)x?72 < 0,u(%0) = lim,_sex? = oo, (u(x))Mu (x) = pxM+ D11 s obV10usly decreasing in x € (0,00).

(iii) For y € (0,1),mp = 2,u(x) = In"x,x € (1,), A; € (0 ’y —1], u(x) > 0,4/ (x) = YIn" 'x > 0,u"(x) <
0,u(o0) = limy_se In”x = o0, (u(x))Mu/ (x) = Yin*1 D71 is decreasing in x € (1,0).

If M > 0,y(u) (u>0) is a nonnegative measurable function, then we have the following transfer formula (cf.
[10], (9.1.5)):

n
[ WP i
{yeR":0<Y (%) ﬁ<1} =

M'T"(%)
— ﬁ 51
= B’T(%) / v(u)uf ™ du. 2.1

(AP < 0 (i € {0,1}), and
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() For |yl[5 = MIZI_y (3)P]F. w(w) = p(Mu), by (2.1), we have

[ #Ulipdy

+

i =i 1
= 11m/.../ M ZVBIB)dyy - - - dy,
M=o {)€R1;0<):l’-’:1(%)l3<1}(p( [Z(M> ] ) Y1 y

M'T" (%) 1 \
= lim w/ (p(MuF%)uﬁ_ldu
0

2 m /O o). 22)

(i) T @(||y||g) = @(Mub) = 0, for u = ¥, (3) < (£)P (b>0), ie. |]yl[s = Mub < b, then by (2.2), it
follows that

1

DeRLp2e) Mo BT () Jige

M

_ ﬁ) /bm o(v)v"av. (2.3)

Remark 2.2. Forb=1,c € R, 9(v) =v %" in (2.3), we have

()

er‘(%) . (2.4)

/ Iollperay = [Ty ay =
{veRyL |yl[p=1} 1

Lemma 2.3. Fors € (0,00),51,52 € (0,5), (u(x))" =14/ (x) is decreasing in (mg — 1,), we define the following weight
functions:

oo si—1, 1
o) ¢ =i B GO eR) @)
asy—n g
@y(s2,m) = = (u(m))"*> /R . M (m € Nigy ). (2.6)
The following inequality and expression are value:
ws(s1,y) < B(si.s—s1) (yeR}), 2.7
@ (s2,m) L%)B(SLS —52) (m € Npy). (2.8)
af"TT(f)

u(x)
i

Proof. In view of the decreasing property of series, setting v = e We find

o(s—s1) « (u(x))SI_lu/(x)
o) < DIE™ [ G T

vsl—l

. _dv=B8B _
/0 CES (s1.5=s1),

and then we have (2.7).
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In (2.2), for ¢(v) = W we have
F"(l) oo os,—n
@(s2,m) = [3”11512)(”("1))“?2/0 mvnild"
Fn(%) ey [T VO
= Fr O G

S} tSz 1
n—1 n / s dt
o IT(5) Jo (147)

and then we have (2.8).
This proves the lemma. [ O

Lemma 2.4. With regards to the assumption H1, for t > 0, we have the following inequality:

Z e~tumg < g i e—lu(m)(,/‘l(m))iA’gi) (ie{0,1}). (2.9)

m=my m=my

Proof. Fori=0, since a,, = A,(,?), (2.9) keeps the form of an equality; for i = 1, since A,(nl)e*’“(’") =o(1) (t >0;m—

), by Abel’s partial summation formula, we find

oo

Z e—tu(m)am — 1im A —tu m) + Z A —tu n) —tu(m+1))
m=m Mmoo m=m
0 0

— Z A —tu m) —tu(m+l))

m=my

We set function f(x) := e () x € (mg — 1,e0). Then we find
F1(x) := —te "0y (x) = —th(x),

where h(x) = e ()4 (x) is decreasing in (mg — 1,0), in view of u(x),u’(x) > 0 and «” (x) < 0. By the differentiation
mid-value theorem, there exists a 6,, € (0,1), such that

oo

Z e*’”(’")am - Z Am m+1 f( )]

m=my m=my

= =Y AV m+6) =1 Y aAVn(m+6,)

m=my m=my

Y hmay) =t Y e (m)ay),

m=my m=my

IN

and then we have (2.9).
This proves the lemma. [J O

Lemma 2.5. With regards to the assumption H1, for i € {0,1}, we have the following inequality:

L E WW’Mﬂ)d

+ m=my M m)—l_HyHl})
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(F"(é)B(?Lz,QH—i—),z)
<

1
P

o (' (m)) P00 (A s(r—ai)n i
L;mo (u(m))p(i—1+7tl)+1 _/M||y’|l3 g1(y)dy| (2.10)

Proof. By Holder’s inequality (cf. [28]), we have

(ulm)) (1094,
" hE *"y” e { Sl <m>>f+<”‘”]

+ m= mo

bl e ]
| ) A7 )74 |

IN

5 | (u(m) 1=2=) (=) (40 ,
{Zm /Ri (seCm) VGV Iyl % (ue (m)) ~pip=t dy}
Bl gy )

{/+’7IZH10 +||y|| )A‘H( ( ))l A— (u’(m))ldy}

> by ")) —Ptpi ()p%
= {Z [(u(m))k+i—k2/ Hy”ﬁ Y ]( (m)) (An') }

=y 1 (u(m) + IVIEAT (u(m))rl-1+40+

- ulm Aati= n—ay)—n %
{ J i § e T 8q(Y)dy}

m=m

B [i @, +i(A2,m) (' m)) 77 (A’(’i))p]p

i (u(m) )Pli—1+A)+1

1

x [/R @p4i(M +i,y)l!y\lfg("_%)_"gq(y)dy} : 2.11)
+

In (2.11), by (2.7), (2.8) and Remark 1(i), fors =A4+i> 0,51 = A1 +i € (i,A+i)(C (0,A+1i)), 50 =4 € (0,4 +1i),
since ((x))* ~1u' (x) = (u(x))P1+)=14/ (x) is decreasing in (mg — 1,0), in view of H1, we have (2.10).
This proves the lemma. [J O

3. Main results

Theorem 3.1. With regards to the assumption HI, for i € {0, 1}, we have the following half-discrete multidimensional
Hardy-Hilbert’s inequality involving one partial sum:

S Ao

+ m= mo +Hy|‘ﬂ)
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~ (r"(é)B(Az,l +i—2)

1

[ I ] a1

1
P

) / 1—p+pi () p
[ 5w
S (u(m))Pl-1+3)+]
In particular, for A = A1 + Ay, we have

= (u(m)) !

0 < ) (u(m) )Pi—1+20)+1

m=my

(AP < o,

n—aky)
e A

and the following inequality:

amg i rn(é> % i
o & i <* (aﬁn—lr(;;)) Blatin)

+ m= mo

©0 l/t/ m 1—p+pi (l) P i b é
8 [ )y ((Lf(nz))) +1+(7f)+1)] [/R,iHyH%( %) 8q(y)dy] : (3.2)

m=my

Proof. By the following expression of the Gamma function:

1 1 /"" A1 —(u(m)+|[y||%)
= e B dt,
(u(m) +1y[I§)*  T(4) Jo

(2.9) and Lebesgue term by term theorem (cf. [29]), we have

;o / Y an [/ a1, “’")*”E‘)’dt]dy

+ m=my

_ r(lx)/ <Z ) ) (/ie_”y'gtg(y)dy> it

m=my

1

m)/ (Y e m)af) ([ e Vg

m=my

_ / Y <) [ /°° t(m)—le—(u(mw|y||g)rdt] dy
n 0

+ m=my

IN

lAmg )
% i ( +HyH At

Then by (2.10), we have (3.1). For A = A; + 4, in (3.1), we have (3.2).
This proves the theorem. [ O

= AL

Theorem 3.2. With regards to the assumption H1, if i € {0,1}, A; + A, = A, then the constant factor

v I"(5)B(A2, A +i— 1)
o™ T ()

) Bi(A+iA—A)

in (3.1) is the best value.
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Proof. We need to prove that the constant factor in (3.2) is the best value for i € {0, 1}. For any 0 < € < min{pA;,qA, },

we set
AY = G = (u(m)M N (m),
A = Y a= Y k)M (k)m € Ny,
k=my k=myq
_— LQlbilp <1
Il g =1

Since both (u(x)) ™M™~ (x) (= (u(x)) "7 [(u(x))Mud (x)]) and (u(x)) 78"l (x) (= (u(x)) 2%

are strictly decreasing in (mo — 1,0), we find

€
]7

A’r(nl) _ /m (u(X))(M_%)_lu,(x)dx < ll 1_ 3 (u(m))

mo—1

and then for i € {0, 1}, it follows that

i < M(wm))’“—?“-l(u%m»” (m &Ny, and
u (m 1—p+pi ~(
Z u(m()p)(? 14+A1)+1 !
< 7Ll [ s+1 L %H (u m))8+1]

! ) L[
S oo [( et L ]
1 1 _ 0
=57 1 ) € T
If there exists a positive constant M, with
(TG Y
M<A <M> B(M +i.22),

such that (3.2) is valid when we replace the constant factor by M, then in particular, by (2.4) (for ¢

amg
_/ Z dy
"m mg +Hy”ﬁ>

/(m))lfp-i-pi(gr(’ll'))p

M[ Z (u(m))p(FlH])H

[/R g g )|

1 1
) u’(m) P / e 4
M — y "dy
( L (u(m) 8“) < {yeRi;llyHg’Zl}H s

A

<
y REAREOIRY
= S(M—f,)i[SdJr(u(mo))g] (aﬁ"—IHE)) |

() (x)])

=€), we have
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By (2.3), we have

a(A—E)—n
e e il
h= m:zmo(( ) ( ){/{yem:ym} (u(m)+|!y\|§)ldy
B rn(%) o Ry 0o va(lzfg)*l
= B, O [ Gy
_ rn(é) S —e—1 1 = !
= mm;no(”(m)) u'(m) /u(]m) (H_t)/ldt
I 1 oo
> aﬁn(@)@ B+ o) ¥ (ulm)*um)
- i (u(m))feflu’(m)/om )Lzldt]
™ 1 oo
aﬁn(@ig) B+ £ 5) [ (a0 as
S =) <u<m>>‘2?1u’<m>]
e
_ M [B(xl +§,;Lz_ 2)(u(mo))_8—80(1)] .
Based on the above results, we have the following inequality
"(5) € € .
OCBTF(%) |:B(7Ll —i—;,kz— 6)(14(1710)) —80(1):|
- M 11 )
< STy [gdﬂu(mo))e} <al3"‘lf(g)> ‘

For € — 0, in view of the continuity of the Beta function, we have

afr1T(

Bw )" (5) _m (T
“aBI() < A \ @B

B
Since i € (0,1}, A'B(A; +i,42) = AiB(A1,A2), it follows that

(W N
A (M) B(A +i. )

= M( )

M) B(A1,4) <M.
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Therefore,
) rl’l(l) P
M=A | L) B +ik
(rrty) 2w
is the best value of (3.2) (namely, for A; + A, = A in (3.1)).
This proves the theorem. [ O

Theorem 3.3. With regards to the assumption HI, if the constant factor in (3.1) is the best possible, then for A — Ay —
A <0, we have A + 21, = A.

Proof. For/}:l = w—kll,/}\q = %%—%, we ﬁnd/l\l —1—12 = A with 0 </}:1,/}:2 <A.ForA—2A—2A, <0, we

observe that
-~ A=A —Ay

()Ml (x) = (u(x)) 7 [(u(x) Ml (x)]

is decreasing in (mg — 1,00).
By Holder’s inequality (cf. [28]), we obtain

B(il —l—i,/iz)
~ A—dp+i-1 M+i—1
/00 WM gy /oo U )(uil . )d
- - S — " u
0 (1_|_u)7t+1 0 (1+u)l+l
1

_ 1
oo k*}q-"l*l p oo Al"rl*l q
[ e,
0 (14u)rti 0 (14u)rti

<
S

= |t | e

= Br(AA+i—M)Bi(A+iA—A). (3.3)

Since the constant factor

A (F”(;),)B(M,l +i—22)

apT(})
in (3.1) is the best value. comparing with the constant factors in (3.1) and (3.2) (for A; = 11 = 12), we have
l, (r"(;,)B(/lz,/l +i—A)

apTT(})

1
) Bi(A+iA—A)

1
> Bi(Ai+iA— A1)

(TG N

< A ——=—| BAi+iL),

= (aﬂn—lr(g)> (M1 +i22)
namely,

~ ~ 1 1
B(M +i,A2) > By (A, A +i—A)Ba (A +i,A — Ay).
Hence, (3.3) keeps the form of equality. The necessary and sufficient condition for taking an equal sign is that there
exist constants A and B, such that they are not both zero, and (cf. [28]) Aur—Rti=l = gyfiti=l g e in R, . Assuming
that A # 0, we have u* %4 = g a.e. in R,. It follows that A — A, — A; =0, and then A; + A, = A.
This proves the theorem. [

Remark 3.4. For y € (0,1), in view of Remark 1, both u;(x) = x¥, (x € (0,0)) and u(x) = In"x (x € (1,00)) satisfy
for using Theorem 1-3.
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Corollary 3.5. Fori=0in (3.1), we have the following inequality:

_ / amg(y) _dy

+m mo +HyHﬁ)

(rn([g)g(;@,x )

B (%) ) BildnA—h)

1

x[i <uf<m>>1—pag]p[ /Rn” B dyr. o

o (u(m) )P+

In particular, for A1 + A, = A, we have

sl ADIRE
/Rim;%o (M(m)+\|y|\,‘§‘)’ldy< <a[3"—1r(;) B(A1.22)

1

[ E ] [f o]

m=m

Corollary 3.6. If A1 + A, = A, then the constant factor

(5B A~ 1)\ 7

in (3.4) is the best value. On the other hand, if the same constant factor in (3.4) is the best value, then for A — A — Ay <
0, we have A; +21, = A.

Remark 3.7. Inequality (3.1) (resp. (3.2)) is an extended application of (3.4) (resp. (3.5)).

4. Conclusion

In this paper, following the way of [21, 22], by means of the weight functions, the idea of introduced parame-
ters, the techniques of real analysis and Abel’s partial summation formula, a multidimensional half-discrete Hardy-

Hilbert’s inequality with the new kernel as wim) +1‘ RIRE (a,A > 0) involving one partial sum is obtained in Theorem
B

1. The equivalent statements of the best value related to several parameters in the new inequality are given in Theorem
2 - 3. Some particular results are provided in Corollary 1- 2.
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