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Abstract
This study presents novel Hermite–Hadamard inequalities for convex functions using ψ-conformable fractional integral operators. These
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1. Introduction

Convex function analysis is a deep generalization model for many applications that starts with real-valued func-
tions of a real variable. Convexity theory offers a cohesive framework for creating extremely efficient and robust
numerical tools to address issues across many mathematical fields. Various intriguing generalizations and exten-
sions of multiple forms of convexity have been utilized in optimization and mathematical inequalities, especially
Hermite–Hadamard-type inequalities, as referenced in [7]-[4]. In [2], the authors proved the following generalized
Hermite–Hadamard-type inequalities.
Let ψ : [a,b]→R be a monotone increasing function such that the derivative ψ ′ > 0 is continuous on (a,b) and β > 0.
If g is a convex function on [a,b], then

g
(

a+ b
2

)
≤ Γ(β + 1)

2Aψ(1)

[
ψI β

( a+b
2 )−

G (a) + ψI β

( a+b
2 )+

G (b)
]
≤ g (a)+ g (b)

2
, (1.1)

where
ψI β

a+g(x) =
1

Γ(β )

∫ x

a
ψ
′(t)
[
ψ(x)−ψ(t)

]β−1
g(t) d t,

ψI β

b−g(x) =
1

Γ(β )

∫ b

x
ψ
′(t)
[
ψ(t)−ψ(x)

]β−1
g(t) d t,
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and
G(s) = g(s)+ g (a+ b− s) ,

Aψ(1) =
(

ψ(b)−ψ

(
a+ b

2

))β

+

(
ψ

(
a+ b

2

)
−ψ(a)

)β

.

If |g′| is a convex mapping on [a,b], then the generalized trapezoid-type inequality is given as [2, Theorem 4.4].∣∣∣∣∣g(a)+ g(b)
2

− Γ(β + 1)
2A(ψ)(1)

[
ψI β

( a+b
2 )

−G(a)+ ψI β

( a+b
2 )

+G(b)
]∣∣∣∣∣

≤ b−a
4Aψ(1)

[∣∣g′(a)∣∣+ ∣∣g′(b)∣∣]∫ 1

0
(Aψ(1)−Aψ(s))ds.

where

Aψ(s) =
(

ψ(b)−ψ

(
s
2

a+
2− s

2
b
))β

+

(
ψ

(
2− s

2
a+

s
2

b
)
−ψ(a)

)β

.

The generalized midpoint-type inequality is formatted as follows [2, Theorem 3.4]:∣∣∣∣Γ(β + 1)
2Aψ(1)

[
ψI β

( a+b
2 )

−G(a)+ ψI β

( a+b
2 )

+G(b)
]
−g
(

a+ b
2

)∣∣∣∣
≤ b−a

4Aψ(1)
[∣∣g′(a)∣∣+ ∣∣g′(b)∣∣]∫ 1

0
Aψ(s)ds.

In the recent paper [1], the authors introduced a new operator called generalized ψ-conformable fractional integrals,
which are defined as follows:

Definition 1.1. Let 0 ≤ a < b < ∞, f : [a,b] ⊂ [0,+∞) → R be a continuous function and ψ : [a,b] → R be a
monotone increasing function such that the derivative ψ ′ > 0 is continuous on (a,b). The generalized left and right
ψ-conformable fractional integral operators of the function f , with order β > 0, are defined as

ψ

C F Iβ

a+ f (x) =
1

Γ(β )

∫ x

a
ψ
′(t)
[

ψα(x)−ψα(t)
α

]β−1
f (t) dψ t, (1.2)

and
ψ

C F Iβ

b− f (x) =
1

Γ(β )

∫ b

x
ψ
′(t)
[

ψα(t)−ψα(x)
α

]β−1
f (t) dψ t, (1.3)

where
dψ t =

d t
ψ1−α(t)

.

The results are already known for the special choices of ψ , α and β .

1. By setting α = 1, the operators simplify to the ψ-Hilfer integral operators of order β > 0.
2. For ψ(t) = t, the Katugompola operators of order β > 0 and parameter α > 0 are obtained.
3. When ψ(t) = t, α = 1, the operators are reduced to Riemann-Liouville integral operators.
4. By selecting ψ(t) = t, α = 1, and β = 1, the operators are reduced to classical Riemann integrals.
5. The α-Hadamard operators of order β > 0 are obtained by setting ψ(t) = ln(t) and a > 1. These operators are

denoted in (1.4) and (1.5).
6. By defining ψ(t) = ln(t), α = 1, and a > 1, we obtain Hadamard operators of order β > 0.
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Definition 1.2. Let 1≤ a < b < ∞, f : [a,b]⊂ [0,+∞)→R be a continuous function. The left and right α-Hadamard
integral operators with order β > 0, are defined as

αH β

a+ f (x) =
1

Γ(β )

∫ x

a

[ lnα(x)− lnα(t)
α

]β−1 f (t)
t

dt
ln1−α(t)

, (1.4)

and
αH β

b− f (x) =
1

Γ(β )

∫ b

x

[ lnα(t)− lnα(x)
α

]β−1 f (t)
t

dt
ln1−α(t)

. (1.5)

The objective of this study is to generalize the Hermite–Hadamard inequalities previously established using ψ-
conformable fractional integral operators.

2. Hermite–Hadamard inequalities

This is the first result about Hermite–Hadamard-type inequalities for convex functions with general ψ-conformable
fractional integral operators.

Theorem 2.1. Let 0 ≤ a < b < ∞, α ,β > 0 and g : [0,∞)→ R be a continuous convex function, ψ a positive differ-
entiable increasing function. Then the following inequalities hold:

g
(

a+ b
2

)
≤ Γ(β + 1)

2Ω(α ,ψ)

[
ψ

C F Iβ

( a+b
2 )−

G (a) + ψ

C F Iβ

( a+b
2 )+

G (b)
]
≤ g (a)+ g (b)

2
, (2.1)

where
G(t) = g(t)+ g (a+ b− t) , (2.2)

and

Ω(ψ ,α) =

(
ψα(b)−ψα

(a+b
2

)
α

)β

+

(
ψα
(a+b

2

)
−ψα(a)

α

)β

. (2.3)

Proof. Let g be a convex function; for any t ∈ [[a,b], we obtain

2 g
(

a+ b
2

)
= 2 g

(
a+ b− t

2
+

t
2

)
≤ g (t)+ g (a+ b− t) ,

then

2 g
(

a+ b
2

)
≤ G (t) . (2.4)

Multiplying (2.4) with
(

ψα(b)−ψα (t)
α

)β−1

ψ
′
(t) ψα−1(t) and integrating over t ∈ [ a+b

2 ,b], we deduce

2 g
(

a+ b
2

)∫ b

a+b
2

(
ψα(b)−ψα (t)

α

)β−1

ψ
′
(t) ψ

α−1(t) dt

≤
∫ b

a+b
2

ψ
′
(t)
(

ψα(b)−ψα (t)
α

)β−1

G (t) ψ
α−1(t) dt.

This results in

g
(

a+ b
2

) (
ψα(b)−ψα

(a+b
2

)
α

)β

≤ Γ(β + 1)
2

ψ

C F Iβ

( a+b
2 )+

G (b) . (2.5)
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Now, multiplying (2.4) by
(

ψα(t)−ψα(a)
α

)β−1

ψ
′
(t) ψα−1(t) and integrating over t ∈

[
a,

a+ b
2

]
gives

2 g
(

a+ b
2

)∫ a+b
2

a

(
ψα(t)−ψα (a)

α

)β−1

ψ
′
(t) ψ

α−1(t) dt

≤
∫ a+b

2

a

(
ψα(t)−ψα (a)

α

)β−1

ψ
′
(t) ψ

α−1(t) G(t) dt ,

and consequently

g
(

a+ b
2

) (
ψα( a+b

2 )−ψα (a)
α

)β

≤ Γ(β + 1)
2

ψ

C F Iβ

( a+b
2 )−

G (a) . (2.6)

The addition of (2.5) and (2.6) results in

g
(

a+ b
2

)
≤ Γ(β + 1)

2Ω(α ,ψ)

[
ψ

C F Iβ

( a+b
2 )−

G (a) + ψ

C F Iβ

( a+b
2 )+

G (b)
]

. (2.7)

To demonstrate the second inequality in (2.1), we need to put t = (1− s)a+ sb in (2.2) and use the fact that g is
convex to get

G(t) ≤ g (a)+ g (b) . (2.8)

Use the identical procedure as previously on (2.8), resulting in

Γ(β + 1)
2Ω(α ,ψ)

[
ψ

C F Iβ

( a+b
2 )−

G (a) + ψ

C F Iβ

( a+b
2 )+

G (b)
]
≤ g (a)+ g (b)

2
. (2.9)

At long last, the necessary result is obtained by integrating the inequality (2.7) with (2.9).

Remark 2.2. Theorem 2.1 in [2] is established by setting α = 1 in Theorem 2.1.

Corollary 2.3. With the hypothesis of Theorem 2.1, depending on the choice of the function ψ , we obtain the following
results:

1. Taking ψ(s) = s, the following new result is obtained.

g
(

a+ b
2

)
≤ Γ(β + 1)

2Ω1(α)

[
αI β

( a+b
2 )−

G (a)+ αI β

( a+b
2 )+

G (b)
]
≤ g (a)+ g (b)

2
, (2.10)

where

Ω1(α) =

(
bα −

(a+b
2

)α

α

)β

+

((a+b
2

)α −aα

α

)β

. (2.11)

Setting α = 1 in (2.10), we obtain the inequalities (3) in [8].
2. Choose ψ(s) = lns, we obtain the new result shown below.

g
(

a+ b
2

)
≤ Γ(β + 1)

2Ω2(α)

[
αH β

( a+b
2 )−

G (a)+ αH β

( a+b
2 )+

G (b)
]
≤ g (a)+ g (b)

2
, (2.12)

where

Ω2(α) =

(
lnα(b)− lnα

(a+b
2

)
α

)β

+

(
lnα
(a+b

2

)
− lnα(a)

α

)β

. (2.13)

Using α = 1 in (2.12), we obtain Corollary 2.3 [2].
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3. Trapezoid Type Inequalities

In this part, we show the special outcomes of some trapezoidal-type inequalities that are found using fractional
integral operators that are ψ-conformable. In order to accomplish this, we first establish equality in the subsequent
lemma.

Lemma 3.1. Let g : [a,b]→R be a differentiable mapping on (a,b) and α ,β ,ψ are defined as in Theorem 2.1. Then
the following identity holds:

g(a)+ g(b)
2

− Γ(β + 1)
2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]

=
b−a

4Ω(ψ ,α)

∫ 1

0
(Ω(ψ ,α)−Aψ ,α(s))

[
g′
(

s
2

a+
2− s

2
b
)
−g′

(
2− s

2
a+

s
2

b
)]

ds,

(3.1)

where Ω(ψ ,α) is defined as in (2.3) and

Aψ ,α(s) =

(
ψα(b)−ψα

( s
2 a+ 2−s

2 b
)

α

)β

+

(
ψα
(2−s

2 a+ s
2 b
)
−ψα(a)

α

)β

. (3.2)

Proof. Let

J1 =
2

b−a

∫ b

a+b
2

(ψα(b)−ψα( a+b
2 )

α

)β

−
(

ψα(b)−ψα(t)
α

)β

G′(t)dt, (3.3)

by employing integration by parts on (3.3) and utilizing (2.2), we obtain

b−a
2

J1 =

(ψα(b)−ψα( a+b
2 )

α

)β

−
(

ψα(b)−ψα(t)
α

)β

G(t)

∣∣∣∣∣
b

a+b
2

−β

∫ b

a+b
2

(
ψα(b)−ψα(t)

α

)β−1

ψ
′(t)G(t)dψt,

therefore
b−a

2
J1 =

(
ψα(b)−ψα( a+b

2 )

α

)β

G(b)−Γ(β + 1) ψ

C F Iβ

( a+b
2 )

+G(b). (3.4)

Similarly, let

J2 =
2

b−a

∫ a+b
2

a

(ψα( a+b
2 )−ψα(a)

α

)β

−
(

ψα(t)−ψα(a)
α

)β

G′(t)dt, (3.5)

Through integration by parts (3.5), we arrive at

b−a
2

J2 = −

(
ψα( a+b

2 )−ψα(a)
α

)β

G(a)+Γ(β + 1) ψ

C F Iβ

( a+b
2 )

−G(a). (3.6)

Given that G(a) = G(b) = g(a)+ g(b), we can deduce the following from (3.4) and (3.6):

b−a
2

(J1− J2) =

Ω(ψ ,α) (g(a)+ g(b))−Γ(β + 1)
[

ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]

,
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thus
g(a)+ g(b)

2
− Γ(β + 1)

2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]
=

b−a
4Ω(ψ ,α)

(J1− J2) . (3.7)

Conversely, since G′(t) = g′(t)−g′(a+ b− t), we derive from (3.3)

J1 =
2

b−a

∫ b

a+b
2

(ψα(b)−ψα( a+b
2 )

α

)β

−
(

ψα(b)−ψα(t)
α

)β


× (g′(t)−g′(a+ b− t))dt,

By changing the variable t = s
2 a+ 2−s

2 b, we can achieve the following:

J1 =
∫ 1

0

(ψα(b)−ψα( a+b
2 )

α

)β

−

(
ψα(b)−ψα( s

2 a+ 2−s
2 b)

α

)β


×
[

g′
(

s
2

a+
2− s

2
b
)
−g′

(
2− s

2
a+

s
2

b
)]

ds.

Similarly, we get from (3.5)

J2 =
2

b−a

∫ a+b
2

a

(ψα( a+b
2 )−ψα(a)

α

)β

−
(

ψα(t)−ψα(a)
α

)β


× (g′(t)−g′(a+ b− t))dt,

by changing the variable t = 2−s
2 a+ s

2 b, we get

J2 =
∫ 1

0

(ψα( a+b
2 )−ψα(a)

α

)β

−

(
ψα( 2−s

2 a+ s
2 b)−ψα(a)
α

)β


×
[

g′
(

2− s
2

a+
s
2

b
)
−g′

(
s
2

a+
2− s

2
b
)]

ds.

Consequently

J1− J2 =
∫ 1

0
(Ω(ψ ,α)−Aψ ,α(s))

[
g′
(

s
2

a+
2− s

2
b
)
−g′

(
2− s

2
a+

s
2

b
)]

ds. (3.8)

Replacing (3.8) in (3.7), we get the desired equality (3.1).

Remark 3.2. Specialized cases are available below.

1. Put α = 1, we get Lemma 4.1 in [2].
2. Put ψ(t) = t, we have the following identity for Katugompola fractional integrals [5]

g(a)+ g(b)
2

− Γ(β + 1)
2Ω1(α)

[
αI β

( a+b
2 )

−G(a)+ αI β

( a+b
2 )

+G(b)
]
=

b−a
4Ω1(α)

×
∫ 1

0
(Ω1(α)−A1,α(s))

[
g′
(

s
2

a+
2− s

2
b
)
−g′

(
2− s

2
a+

s
2

b
)]

ds,
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where Ω1(α) is defined by (2.11) and

A1,α(s) =

(
bα −

( s
2 a+ 2−s

2 b
)α

α

)β

+

((2−s
2 a+ s

2 b
)α −aα)

α

)β

. (3.9)

3. The following identity for α-Hadamard type-fractional integrals is obtained by setting ψ(t) = ln t.

g(a)+ g(b)
2

− Γ(β + 1)
2Ω2(α)

[
αH β

( a+b
2 )

−G(a)+ αH β

( a+b
2 )

+G(b)
]
=

b−a
4Ω2(α)

×
∫ 1

0
(Ω2(α)−A2,α(s))

[
g′
(

s
2

a+
2− s

2
b
)
−g′

(
2− s

2
a+

s
2

b
)]

ds,

where Ω2(α) is defined by (2.13) and

A2,α(s) =

(
lnα b− lnα

( s
2 a+ 2−s

2 b
)

α

)β

+

(
lnα
(2−s

2 a+ s
2 b
)
− lnα a)

α

)β

. (3.10)

Theorem 3.3. Assume that α ,β ,ψ are defined as in Lemma 3.1. If |g′| is a convex mapping on [a,b], then the
trapezoid-type inequality is obtained as∣∣∣∣∣g(a)+ g(b)

2
− Γ(β + 1)

2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]∣∣∣∣∣

≤ b−a
4Ω(ψ ,α)

[
|g′(a)|+ |g′(b)|

]∫ 1

0

∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣ds.

(3.11)

Proof. Using the absolute value of identity (3.1) and the convexity of |g′|, we deduce∣∣∣∣∣g(a)+ g(b)
2

− Γ(β + 1)
2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]∣∣∣∣∣

≤ b−a
4Ω(ψ ,α)

∫ 1

0

∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣

×
[∣∣∣g′( s

2
a+

2− s
2

b
)∣∣∣+ ∣∣∣g′(2− s

2
a+

s
2

b
)∣∣∣]ds

≤ b−a
4Ω(ψ ,α)

∫ 1

0

∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣

×
[

s
2

∣∣g′(a)∣∣+ 2− s
2

∣∣g′(b)∣∣+ 2− s
2

∣∣g′(a)∣∣+ s
2

∣∣g′(b)∣∣]ds

=
b−a

4Ω(ψ ,α)

[
|g′(a)|+ |g′(b)|

]∫ 1

0

∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣ds.

Remark 3.4. By assigning α = 1 in Theorem 3.3, we derive Theorem 4.4 in [2].

Based on the hypothesis of Theorem 3.3 and the selection of the function ψ , it yields the following Corollary 3.5.
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Corollary 3.5. 1. Taking ψ(s) = s , we get∣∣∣∣∣g(a)+ g(b)
2

− Γ(β + 1)
2Ω1(α)

[
αI β

( a+b
2 )

−G(a)+ αI β

( a+b
2 )

+G(b)
]∣∣∣∣∣

≤ b−a
4Ω1(α)

[
|g′(a)|+ |g′(b)|

]∫ 1

0

∣∣Ω1(α)−A1,α(s)
∣∣ds.

(3.12)

By setting α = 1 in (3.12), we derive Remark 4.5 [2].
2. By choosing ψ(s) = lns, we derive∣∣∣∣∣g(a)+ g(b)

2
− Γ(β + 1)

2Ω2(α)

[
αH β

( a+b
2 )

−G(a)+ αH β

( a+b
2 )

+G(b)
]∣∣∣∣∣

≤ b−a
4Ω2(α)

[
|g′(a)|+ |g′(b)|

]∫ 1

0

∣∣Ω2(α)−A2,α(s)
∣∣ds.

(3.13)

Setting α = 1 in (3.13) yields Corollary 4.6 [2].

Theorem 3.6. Let p > 1, 1
q +

1
p = 1 and assume that α ,β ,ψ are defined as in Lemma 3.1. If |g′|p is a convex mapping

on [a,b], then the following trapezoid type inequalities hold.∣∣∣∣∣g(a)+ g(b)
2

− Γ(β + 1)
2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]∣∣∣∣∣

≤ b−a
4Ω(ψ ,α)

(∫ 1

0

∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣qds

) 1
q

×
[( |g′(a)|p + 3|g′(b)|p

4

) 1
p

+

(
3|g′(a)|p + |g′(b)|p

4

) 1
p ]

≤ b−a
4Ω(ψ ,α)

[
|g′(a)|+ |g′(b)|

](
4
∫ 1

0

∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣qds

) 1
q

.

(3.14)

Proof. According to Lemma 3.1 and utilizing the absolute value, we obtain∣∣∣∣∣g(a)+ g(b)
2

− Γ(β + 1)
2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]∣∣∣∣∣

≤ b−a
4Ω(ψ ,α)

∫ 1

0

∣∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣∣∣∣∣∣∣g′
(

s
2

a+
2− s

2
b
)∣∣∣∣∣ds

+
b−a

4Ω(ψ ,α)

∫ 1

0

∣∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣∣∣∣∣∣∣g′
(

2− s
2

a+
s
2

b
)∣∣∣∣∣ds.
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Hölder’s inequality gives∣∣∣∣∣g(a)+ g(b)
2

− Γ(β + 1)
2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]∣∣∣∣∣

≤ b−a
4Ω(ψ ,α)

(∫ 1

0

∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣qds

) 1
q
(∫ 1

0

∣∣∣∣∣g′
(

s
2

a+
2− s

2
b
)∣∣∣∣∣

p

ds

) 1
p

+
b−a

4Ω(ψ ,α)

(∫ 1

0

∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣qds

) 1
q
(∫ 1

0

∣∣∣∣∣g′
(

2− s
2

a+
s
2

b
)∣∣∣∣∣

p

ds

) 1
p

.

Since |g′|p is a convex function, we get∣∣∣∣∣g(a)+ g(b)
2

− Γ(β + 1)
2Ω(ψ ,α)

[
ψ

C F Iβ

b−G
(

a+ b
2

)
+ ψ

C F Iβ

a+G
(

a+ b
2

)]∣∣∣∣∣
≤ b−a

4Ω(ψ ,α)

(∫ 1

0

∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣qds

) 1
q


∣∣∣g′(a)∣∣∣p + 3

∣∣∣g′(b)∣∣∣p
4


1
p

+
b−a

4Ω(ψ ,α)

(∫ 1

0

∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣qds

) 1
q

3
∣∣∣g′(a)∣∣∣p + ∣∣∣g′(b)∣∣∣p

4


1
p

.

This accomplishes the first inequality in 3.14. For the second inequality, notice that for A,B > 0, p > 1, we have

Ap +Bp ≤ (A+B)p, and 1+ 3
1
p ≤ 4.

Then ∣∣∣∣∣g(a)+ g(b)
2

− Γ(β + 1)
2Ω(ψ ,α)

[
ψ

C F Iβ

b−G
(

a+ b
2

)
+ ψ

C F Iβ

a+G
(

a+ b
2

)]∣∣∣∣∣
≤ b−a

4Ω(ψ ,α)

(∫ 1

0

∣∣Ω(ψ ,α)−Aψ ,α(s)
∣∣qds

) 1
q

41− 1
p

(∣∣∣g′(a)∣∣∣+ ∣∣∣g′(b)∣∣∣) ,

which yields to the second inequality in (3.14).

4. Midpoint Type Inequalities

This section formulates a midpoint-type inequality concerning ψ-conformable fractional integral operators, uti-
lizing the identity provided in the following Lemma.

Lemma 4.1. Under the hypothesis of Lemma 3.1, the following identity holds

Γ(β + 1)
2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]
−g
(

a+ b
2

)

=
b−a

4Ω(ψ ,α)

∫ 1

0
Aψ ,α(s)

[
g′
( s

2
a+

2− s
2

b
)
−g′

(2− s
2

a+
s
2

b
)]

ds.

(4.1)
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Proof. Let

K1 =
2

b−a

∫ b

a+b
2

(
ψα(b)−ψα(t)

α

)β

G′(t)dt, (4.2)

By applying integration by parts on (4.2) and using (2.2), we are able to derive

b−a
2

K1 =

(
ψα(b)−ψα(t)

α

)β

G(t)

∣∣∣∣∣
b

a+b
2

+β

∫ b

a+b
2

(
ψα(b)−ψα(t)

α

)β−1

ψ
′(t)G(t)dψt,

thus
b−a

2
K1 = −2

(
ψα(b)−ψα( a+b

2 )

α

)β

g
(

a+ b
2

)
+Γ(β + 1) ψ

C F Iβ

( a+b
2 )

+G(b). (4.3)

Similarly, let

K2 =
2

b−a

∫ a+b
2

a

(
ψα(t)−ψα(a)

α

)β

G′(t)dt. (4.4)

Integrating by parts gets

b−a
2

K2 = 2

(
ψα
(a+b

2

)
−ψα(a)

α

)β

g
(

a+ b
2

)
−Γ(β + 1) ψ

C F Iβ

( a+b
2 )

−G(a). (4.5)

The sum of (4.3) and (4.5) produces

b−a
4Ω(ψ ,α)

(K1−K2) =
Γ(β + 1)
2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]
−g
(

a+ b
2

)
. (4.6)

Also, we observe from (4.2) and (2.2) that

K1 =
2

b−a

∫ b

a+b
2

(
ψα(b)−ψα(t)

α

)β

[g′(t)−g′(a+ b− t)]dt

=
∫ 1

0

(
ψα(b)−ψα( s

2 a+ 2−s
2 b)

α

)β [
g′
(

s
2

a+
1− s

2
b
)
−g′

(
2− s

2
a+

1+ s
2

b
)]

ds,

as well, by (4.4) and (2.2), we have

K2 =
∫ 1

0

(
ψα( 1−s

2 a+ 1+s
2 b)−ψα( a+b

2 )

α

)β [
g′
(

2− s
2

a+
s
2

b
)
−g′

(
s
2

a+
2− s

2
b
)]

ds.

Hence

K1−K2 =
∫ 1

0
Aψ ,α(s)

[
g′
(

s
2

a+
1− s

2
b
)
−g′

(
2− s

2
a+

1+ s
2

b
)]

ds. (4.7)

The desired equality (4.1) is obtained by replacing (4.7) in (4.6).

Remark 4.2. Here are several case studies of specific situations.

1. Setting α = 1, we get Lemma 3.1 in [2].
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2. Put ψ(t) = t, we have the following identity for Katugompola fractional operators

Γ(β + 1)
2Ω1(α)

[
αI β

( a+b
2 )

−G(a)+ αI β

( a+b
2 )

+G(b)
]
−g
(

a+ b
2

)

=
b−a

4Ω1(α)

∫ 1

0
A1,α(s)

[
g′
( s

2
a+

2− s
2

b
)
−g′

(2− s
2

a+
s
2

b
)]

ds.

For α = 1, we deduce remark 3.2 [2].
3. The following identity for α-Hadamard fractional operators is obtained by setting ψ(t) = ln t.

Γ(β + 1)
2Ω2(α)

[
αH β

( a+b
2 )

−G(a)+ αH β

( a+b
2 )

+G(b)
]
−g
(

a+ b
2

)

=
b−a

4Ω2(α)

∫ 1

0
A2,α(s)

[
g′
( s

2
a+

2− s
2

b
)
−g′

(2− s
2

a+
s
2

b
)]

ds.

For α = 1, we deduce Corollary 3.3 [2].

Theorem 4.3. Assume that α ,β ,ψ are defined as in Lemma 3.1. If |g′| is a convex mapping on [a,b], the midpoint-type
inequality is obtained as ∣∣∣∣∣ Γ(β + 1)

2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]
−g
(

a+ b
2

)∣∣∣∣∣
≤ b−a

4Ω(ψ ,α)

(∫ 1

0
Aψ ,α(s)ds

)[
|g′(a)|+ |g′(b)|

]
.

(4.8)

Proof. Using the absolute value of identity (4.1) and the convexity of |g′| function, we have∣∣∣∣∣ Γ(β + 1)
2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]
−g
(

a+ b
2

)∣∣∣∣∣
≤ b−a

4Ω(ψ ,α)

∫ 1

0
Aψ ,α(s)

[∣∣∣g′( s
2

a+
2− s

2
b
)∣∣∣+ ∣∣∣g′(2− s

2
a+

s
2

b+
)∣∣∣]ds

≤ b−a
4Ω(ψ ,α)

∫ 1

0
Aψ ,α(s)

[
s
2

∣∣g′(a)∣∣+ 2− s
2

∣∣g′(b)∣∣+ 2− s
2

∣∣g′(a)∣∣+ s
2

∣∣g′(b)∣∣]ds

=
b−a

4Ω(ψ ,α)

(∫ 1

0
Aψ ,α(s)ds

)[
|g′(a)|+ |g′(b)|

]
.

Remark 4.4. Setting α = 1 in Theorem 4.3, we obtain Theorem 3.4 in [2].
Based on the hypothesis of Theorem 4.3 and the selection of the function ψ , it yields the next Corollary 4.5.

Corollary 4.5. 1. Taking ψ(s) = s, we get∣∣∣∣∣Γ(β + 1)
2Ω1(α)

[
αI β

( a+b
2 )

−G(a)+ αI β

( a+b
2 )

+G(b)
]
−g
(

a+ b
2

)∣∣∣∣∣
≤ b−a

4Ω1(α)

(∫ 1

0
A1,α(s)ds

)[
|g′(a)|+ |g′(b)|

]
.

By setting α = 1, we derive Remark 3.5 [2].
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2. Choose ψ(s) = lns. So, we get a novel result with α-Hadamard operators.∣∣∣∣∣Γ(β + 1)
2Ω2(α)

[
αH β

( a+b
2 )

−G(a)+ αH β

( a+b
2 )

+G(b)
]
−g
(

a+ b
2

)∣∣∣∣∣
≤ b−a

4Ω2(α)

(∫ 1

0
A2,α(s)ds

)[
|g′(a)|+ |g′(b)|

]
.

(4.9)

Setting α = 1 in (4.9) yields Corollary 3.6 [2].

Theorem 4.6. Let p > 1 and assume that α ,β ,ψ are defined as in Lemma 3.1. If |g′|p is a convex mapping on [a,b],
then the following midpoint-type inequality is obtained.∣∣∣∣∣ Γ(β + 1)

2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]
−g
(

a+ b
2

)∣∣∣∣∣
≤ b−a

4Ω(ψ ,α)

(∫ 1

0
Aψ ,α(s)ds

) 1
q [( |g′(a)|p + 3|g′(b)|p

4

) 1
p

+

(
3|g′(a)|p + |g′(b)|p

4

) 1
p ]

≤ b−a
4Ω(ψ ,α)

(
4
∫ 1

0
Aψ ,α(s)ds

) 1
q [
|g′(a)|+ |g′(b)|

]
,

(4.10)

where 1
q +

1
p = 1.

Proof. By Lemma 4.1, using the absolute value, Hölder’s inequality and convexity of |g′|p, we deduce∣∣∣∣∣ Γ(β + 1)
2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]
−g
(

a+ b
2

)∣∣∣∣∣
≤ b−a

4Ω(ψ ,α)

(∫ 1

0
Aψ ,α(s)ds

) 1
q
(∫ 1

0

∣∣∣∣∣g′
(

s
2

a+
2− s

2
b
)∣∣∣∣∣

p

ds

) 1
p

+
b−a

4Ω(ψ ,α)

(∫ 1

0
Aψ ,α(s)ds

) 1
q
(∫ 1

0

∣∣∣∣∣g′
(

2− s
2

a+
s
2

b
)∣∣∣∣∣

p

ds

) 1
p

≤ b−a
4Ω(ψ ,α)

(∫ 1

0
Aψ ,α(s)ds

) 1
q


∣∣∣g′(a)∣∣∣p + 3

∣∣∣g′(b)∣∣∣p
4


1
p

+
b−a

4Ω(ψ ,α)

(∫ 1

0
Aψ ,α(s)ds

) 1
q

3
∣∣∣g′(a)∣∣∣p + ∣∣∣g′(b)∣∣∣p

4


1
p

.

For the second inequality, use once again Ap +Bp ≤ (A+B)p and 1+ 3
1
p ≤ 4 for p > 1, thus∣∣∣∣∣ Γ(β + 1)

2Ω(ψ ,α)

[
ψ

C F Iβ

( a+b
2 )

−G(a)+ ψ

C F Iβ

( a+b
2 )

+G(b)
]
−g
(

a+ b
2

)∣∣∣∣∣
≤ b−a

4Ω(ψ ,α)

(∫ 1

0
Aψ ,α(s)ds

) 1
q

41− 1
p ×
(∣∣∣g′(a)∣∣∣+ ∣∣∣g′(b)∣∣∣) ,
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which yields to the second inequality in (4.10).
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