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Abstract

In the work, using Holder’s integral inequality and arithmetic-geometric-harmonic inequality, the author establishes some new Hermite—
Hadamard type integral inequalities related to differentiable HT-convex functions and some new integral inequalities related to the product of
MT-convex and HT-convex functions.
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1. Introduction

The convex function was introduced by Jensen in 1905 which is one of fundamental concepts in fields such as
analysis, geometry, and functional analysis. Their properties, such as Jensen’s inequality and sub-differentiability,
provide key tools for studying functional inequalities, variational problems, etc. The following definition is the con-
cept of convex function:

Definition 1.1 ([1], [2]). A function f: 1 C R = (—oo,00) — IR is said to be convex if

flx+(1=t)y) <tf(x)+(1-1)f(y)
forall x,y € I and r € [0, 1].

The following Hermite-Hadamard inequality is a classical inequality for convex functions and reveals the rela-
tionship between the integral mean value of a convex function on an interval and the function values at the endpoints
and midpoints.

Theorem 1.2 ([3]). If f: I C R — R is a convex function on the interval I and a,b € I with a < b, then

()<t froms 1030

In 2012, Tung and Yildirim introduced a type of generalized convex function in [4].
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Definition 1.3 ([4]). Let/ C R be an interval. A nonnegative function f : I — Ry = [0,0) is said to be MT-convex if

the inequality
t 11—t
Flext (1) < v
24/1—t 2/t

f)+

f)

holds for all x,y € I and 7 € (0,1).
In [5], the concept of HT-convex functions below was innovated.
Definition 1.4 ([5]). Let/ CIR\{0} be an interval. A function f : I — IR is called HT-convex function if the inequality
xy Vit 1—1t
< X))+
f <ty—|— (1 —t)x) ~2V1 —tf( ) 2/t
holds for all x,y € I and ¢ € (0, 1).

f)

With the extension of convex functions, Hermite-Hadamard type inequalities for MT-convex functions and HT-
convex functions have also been studied and established.

Theorem 1.5 ([4, Theorem 2]). Let I C IR be an interval. A function f : 1 — Rgy is MT-convex on I, a,b € I witha < b
and f € Li([a,b]). Then

f(a;b) < bia/abf(x)dx and

/abf(x)f(x) dx < W,

—da

where
bh— _
o) = Y b’i)fzx 9 xelabl.
Theorem 1.6 ([5, Theorem 4.1]). Suppose that I C R\{0} is an real interval. A function f : I — Ry is HT-convex on
I, a,belwitha<band f € L([a,b]), then

(225 <% [ o< s

In recent decades, a lot of inequalities of Hermite—Hadamard type for various generalized convex functions have
been established, for example, MT-h-convex functions, coordinated M T—(s1 ,sz)—convex functions, GT-convex func-
tions and geometrically P-convex functions, etc. All details can be found in [6-8].

Inspired by the above research work, we will establish some new Hermite-Hadamard type integral inequalities
related to differentiable HT-convex functions by using Holder’s integral inequality. Moreover, we will also derive
some new integral inequalities for the product of MT-convex and HT-convex functions by using arithmetic-geometric-
harmonic inequality.

2. Several Lemmas

From the Lemma 1 in [9], we get

Lemma 2.1 ([9]). Let f:1 C Ry := (0,00) — R be a differentiable function on I°, a,b € I° with a < b. If f' €
Li([a,b]), then

IO [ T3 e | [t o)

—tH (a,H(a,)) f' (Hy (a.H (a.b))) | dr,

where the harmonic mean H (x,y) and the weight harmonic mean H,(x,y) are defined by

2xy o 1—1\"! Xy
H = d H = — —_— e
() ity H(e3) <x+ y ) ty+(1—1)x

forx,y e Ry andt € [0,1].
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Lemma 2.2 ([9]). Let f: 1 CR. — R be a differentiable function on I°, a,b € I° with a < b. If f’ € L([a,b]), then

o [ e (25 ) <5t [ =0 [ e s (s (a0)

—H(a,H(a,)) f' (Hy(a.H(a.b))) | dr,

where H(x,y), H;(x,y) are the harmonic mean and the weight harmonic mean, respectively.

Lemma 2.3. Let u,v,x,y € R4 and p > 1 withu # v, then

1
Sp(u,v) : :/0 tH (u,v) dt

ZV[(lnv—lnu)v—ku—v]’ —
(v—u)?

u*v [vzp—l —(2p— 1)u2(”_1)v+2(p — 1)142”_1]
2(p—1)2p—1)(v—u)? ’

p>1,
and

uvxy

/ e arw e l_t H2 (u,v) A (x,y) dt
:4’(:”5 { [+ (v — 3t (Vi - Vi)
where A;(x,y) :=tx+ (1 —1)y is the weight arithmetic mean and H,(x,y) is the weight harmonic mean for x,y € Ry
andrt € [0,1].
3. Hermite-Hadamard type integral inequalities related to differentiable HT-convex functions

Theorem 3.1. Ler f : 1 C Ry — R be a differentiable function on I°, a,b € I° with a < b, and f' € Li([a,b]). If |f'|?
is an HT-convex function on [a,b] for q > 1, then

f(a) / flx

< b4ab S1(a,H(a, b))] “ [T (a, H(a,b);|f’(a)|‘J,|f’(H(a,b))|q)]i 3.1

b4;ba [S1(b.H(a,b))] 1= [T (b, H(a,b); | (b)|%| £ (H(a,b))|4)] 1 ’

+

where H(x,y) is the harmonic mean, S| (u,v) and T(u,v;x,y) are defined as in Lemma 2.3.

Proof. From Lemma 2.1 and Holder’s integral inequality, we acquire

LCESCRSAYLIN

[mz(bH a.b)) | ' (Hy (b.H(a.b))) | +tH2 (a. H(a,b)) | £ (H (a. H(a.b)))| ] dr

1

<b UOIIH,Z(a,H(a,b))dt]I_‘I’ [/OltHz(a H(a.b))|f' (H, (a.H (a.b) ))\qdz]
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l
b—a

- [/OltHf(b,H(a,b))dty_; [/0 tH? (b,H (a,b) )| f (H, (b,H(a,b)) ’th

_|_

By Lemma 2.3, we have
1
/ tH? (0, H (b)) di = ) (a,H(a.b))
0

and
/OltHzZ(b’H(a’b))dt = S1(b.H(a.b)).

Using the HT-convexity of f on [a,b] and Lemma 2.3, we get

/0 (H? (a,H (a,b)) | £ (H,(a.H(a.b)))|"di

Vi Visi
[2\/1—t 2/t

:;/01 ViU =0 B2 (a,H(a.)) [11 (@)] + (1 - )| £/ (H (a.b)) ] dr

=T (a,H(a,b);|f (a) % |f'(H(a,b))|)

|f'(H (a,b))|?| dt

< /1 thz (a,H(a,b))

0

' (@)|"+

and

/0 tH? (b, H(a,b)) |f' (H, (b.H (a.b)))|*dr < T (b H(a.b):| £ (a)|7,|f (H(a,b))[7).

(3.2)

3.3)

34

3.5)

(3.6)

Applying identities (3.3) and (3.4) and inequalities (3.5) and (3.6) to (3.2) gives the inequality (3.1). The proof of

Theorem 3.1 is thus completed.

O

Corollary 3.2. Let I C R\{0} be an interval and f : I — R be a differentiable function on I°, a,b € I° with a < b,

and f' € L([a,b]). If | f'|? is an HT-convex function on [a,b] for ¢ > 1, then

’f(a)+f(b)_ f“
b—a xz
< 2= 155 (lal, H (Jal 161)]' 7 [7 (Jal, H (Jal 163 7 (@)1, 7 (B e ) )]

Rl

42 sl la, 11))) 7 [7 (0 H . 1) L B) 91 (0 (a BYI)]

where H(x,y) is the harmonic mean, S (u,v) and T(u, v;x,y) are defined as in Lemma 2.3.
Proof. Let I C R\{0} be an interval and a,b € I° with a < b. Consequently, we have ab > 0 and
2 (a,H(a,b)) = H2(lal H(lal, 1)), H2 (b,H(a,b) = H2(1b]H (Jal 1b]).

3.7

Thus, from the identities (3.3) and (3.4) and the inequalities (3.2), (3.5) and (3.6), we get the inequality (3.7). Corol-

lary 3.2 is thus proved.

Theorem 3.3. Ler f : 1 C Ry — R be a differentiable function on I°, a,b € I° with a < b, and ' € L(|a,

is an HT-convex function on [a,b] for q,p > 1 with l +5 L— 1, then

fla)+f(b) f( ) 4 ’
2 b a x?
<P sy (a Ha b)) (4); [S‘f( o ’Z/(H(a’b))‘q] 5

bl

+ b4;ba [Sp<b,H(d,b)>][% (Z)tll |:3’f/(b)|q + |II(H(a’b))|q:| ‘

O

b]). If /|

(3.8)
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where H (x,y) is the harmonic mean and S,,(u,v) is defined as in Lemma 2.3.
Proof. Using Lemma 2.1 and Holder’s integral inequality, we get
b
ECEYCRTay I
< Zba [tH2 (b.H (a,b)) | £ (H (b.H (a.5))) | +tH2 (0. H (a,b)) | £ (Hy (a. H(a,D)) )| | d
b—al ! , :
<b [/O thz”(a,H(a,b))dt] {/ (| (Hy (a.H (a.b) ))\qdz]
b—al (! ’ g
+ [/0 tH,zp(b,H(a,b))dt} [/ t|f' (H, (b,H(a,b) ))yth] : 3.9)
By Lemma 2.3 and the HT-convexity of f on [a,b], we acquire
1
/ tH? (a,H(a,b)) dt = S,(a,H(a,b)), (3.10)
0
1
/O tH? (b,H(a,b)) dt = S,(b,H(a,b)) (3.11)
and
L g Vi
[ @) ar< o] i@+ S )] a
=317 (@)|+ | (H (a.b)) ], (3.12)
1
15" B (o) et < (31 O+ 1 (). (313

Using the identities (3.10) and (3.11) and the inequalities (3.12) and (3.13) to (3.9), the inequality (3.8) can be ob-

tained. The proof of Theorem 3.3 is thus completed.

O

Corollary 3.4. Ler I C R\{0} be an interval and f : I — R be a differentiable function on I°, a,b € I° with a < b,

and f' € Ly ([a,b]). If | f'|7 is an HT-convex function on [a,b) for q,p > 1 with %—i— 11; =1, then

fla)+f(b) ab " f(x)
2 _b—a/a x2 dx

< b4;ba [Sp(‘a|,H(|a],!b|))]% (Z)f]i [3|f’(a)q+ |4]:/(H(a,b))|q] 1

b-a Ly RO+ (Hab) ]
+ 7 [Sp([L.H (lal. b]))] (1) [ 4 } ’

where H (x,y) is the harmonic mean and S,,(u,v) is defined as in Lemma 2.3.
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Theorem 3.5. Ler f : 1 C Ry — R be a differentiable function on I°, a,b € I° with a < b, and f' € Li([a,b]). If | |7
is an HT-convex function on [a,b| for ¢ > 1, then

ab [ f(x) 2ab
b—a o xzdx_f<a+b>‘
< %[51 (H(a,b),a)] 1= [T (H(a,b),a:|f (H(a.b))| |f'(a)|)]

Q=

(3.14)

+ 0 it (a.b).5)] ' [T (H(ab).be (@ b)) (B)]))

where H(x,y) is the harmonic mean, S\ (u,v) and T(u,v;x,y) are defined as in Lemma 2.3.

Proof. From Lemma 2.2 and by replacing A = 1 —¢ for ¢ € [0, 1] as an integral variable, we get

ab [ f(x) 2ab
b—al, xzdx_f<a—l—b>‘

b—a [!
<D [ 0 H b)) | (8 )+ (1002 (6, H ) | (o )|
bh— 1
= 4aba A [“’i (H(a,b),a) | f' (Hy (H(a,b),a))| +AH (H(a,b),b) | ' (Hy (H(a,b),b))” dr. (.15
Therefore, using (3.3) to (3.5) in the proof of Theorem 3.1, we complete the proof of Theorem 3.5. O

Corollary 3.6. Let I C R\{0} be an interval and f : I — R be a differentiable function on I°, a,b € I° with a < b,
and f' € Ly([a,b]). If | f'|7 is an HT-convex function on [a,b) for ¢ > 1, then

’f )+ f(b /f
< b4;ba (1 (H(|al, 161).]al)] "7 [T (H(al, |b1).]al: | £ (H (a,5))19,| £ (a) )]
+ 2 sy (Bl 1), o)) [T (Hal, 1) [ L (H (@ b))I% | (5)9)]

where H(x,y) is the harmonic mean, Sy (u,v) and T (u,v;x,y) are defined as in Lemma 2.3.

Theorem 3.7. Let f: 1 C Ry — R be a differentiable function on I°, a,b € I° witha < b, and " € Ly([a,b]). If | f'|1
is an HT-convex function on [a,b] for q,p > 1 with é + % =1, then

fla)+f(b) ab " f(x)
2 _b—a/a x2 dx

n); [Wa)q+3|f’(H(a,b))’qF

4

+ 2 s, ran))) (2)' LI DI :

where H (x,y) is the harmonic mean and S,,(u,v) is defined as in Lemma 2.3.

Proof. From the inequality (3.15) and Theorem 3.3, we obtain the proof of Theorem 3.7. O
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Corollary 3.8. Letr I C R\{0} be an interval and f : I — R be a differentiable function on I°, a,b € I° with a < b,
and f' € Ly([a,b]). If | f'|7 is an HT-convex function on [a,b) for q,p > 1 with é—i— % =1, then

fla)+f(b) ab (" f(x)
2 _b—a/a x2 dx

< b4;ba [SP(H(|a|,|by),|a\)]% (g)a ['f'(“”q+3|£’(H(a,b))|q] .

_|_

s ot ) ()" [t

where H (x,y) is the harmonic mean and S,,(u,v) is defined as in Lemma 2.3.

4. Integral inequalities for product of MT-convex and HT-convex functions

Now we are in a position to establish some new integral inequalities for product of MT-convex and HT-convex
functions

Theorem 4.1. Let I C IRy be an interval and f,g : I — R. If the function f is HT-convex and g is MT-convex on I,
and fg € Li([a,b]), where a,b € I° with a < b, then

x)g (% x)gla —ab
f(H(a,b))g(A(a,b)) < b“_ba /abf( )g()‘)ﬂ;(xz)g( b x)dx (4.1)
and
abY o(x ab X
f(H(a’b))g(A<a’b)) < bia/abf( X )g( )+2f(a+b—x)g( )dx, (42)

where A(u,v) is the arithmetic mean and H (u,v) is the harmonic mean.

Proof. Forallr € (0,1), we have
A(a,b) =A(Ai(a,b),A1_(a,b)), H(a,b)=H(H,(a,b),H;_(a,b))

and from the HT-convexity of f, we can see that

F(H(a.b)) = f(H (H,(a.b).Hi-i(a.b)) SA(£(Hi(ab)). f(Hi-(a.b))), 1€ (0.1) (43)
and by the MT-convexity of g, we have
g(A(a,b)) =g(A(A(a,b),A1(a,b))) <A(g(A(a,b)).g(A1—(a,b))), 1€ (0,1). (4.4)

Multiplying the two sides of inequality (4.3) and inequality (4.4), and finding the integral about ¢ on both sides, we
acquire

F((an)s(a@) = [ F(H(@b)s (A b)) d
< [ A (). (o 00))) A (5 (b)) (A o(a0))) 4.5)

1 1
25/0 [f(Hi(a,b))g(Ai(a,b)) + f(H,(a,b)) g (A1 (a,b))] dt.
Using the variable change x = H;(a,b) fort € (0,1), then

a-+b)x—ab ab
Afap) = GEBIxzab )= °.

X
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By the inequality (4.5), we can deduce that
f(H(a,b))g(A(a,b))
< / (Hy(a.b))g(Ac(a.b)) + f (H,(a.b))g (A1 (a.b))] dt
_ab /bf(x)g(“f)—l—f(x)g(aan—‘;b
b—a

)
72 dx.

Therefore, the inequality (4.1) holds.
Making an integral transformation x = A, (a,b) for ¢t € (0, 1), we obtain

ab ab
— = H_ ==,
atb—x ! (a.b)

Using the inequality (4.5), we can get the inequality

£ (H(a.b))g(A(a.D))
_2/ (Hi(a,b))g(Ai(a,b)) + f(Hi—(a.b))g (A (a,b))] dt
1 /bf(“f)g(XHf(afé’x)g(ﬂ

“b-a a 2
The proof of Theorem 4.1 is complete. Ul

H;(a,b) =

dx.

Corollary 4.2. Let I C IRy be an interval and f,g : I — R. If the function f is HT-convex and g is MT-convex on
I, and fg € Li([a,D]), where a,b € I° with a < b, then

1. When g is a decreasing function on I, then

b + ab
F(H(a.b))g(Aa.b)) gb“_ba/a fx)s (x )2;( 08(%) 41 (4.6)
2. When f is an increasing function on I, then
f(H(a,b))g(A(a _a/ fx () (atb=x) . @.7)

where A(u,v) is the arithmetic mean and H (u,v) is the harmonic mean.

Proof. Since g is a decreasing function, we obtain g(A,(a,b)) < g(H;(a,b)). By the inequality (4.5) in the proof of
Theorem 4.1, so we have

£ (H(a.b)) s (A(a.b)

_2/ (H,(a,b))g(As(a,b)) + f(H;(a,b))g(A1—(a,b))] dt 4.8)

_2/ F(Hi(a.b))g(Hi(a.b)) + f(Hy(a.b)) g (Hi—(a.b))] dr.
Similarly, utilizing the monotonic increment of f, we can get

f(H(a,b))g(A(a,b))

<x [ [ (a0)aan(a)) + 7 (i) (Ao (ab)] “9)

<5 [ L)) + () A o a)] .

0



S.-H. Wang, J. Inequal. Math. Anal., 2(1), 2026, 7-16 15

Consequently, the inequalities (4.6) and (4.7) can be deduced from the inequalities (4.8) and (4.9). Corollary 4.2 is
thus proved. Ul

Theorem 4.3. Let I C IRy be an interval and f,g : I — R.. If the function f is HT-convex and g is MT-convex on I,
and fg € Li([a,b]), where a,b € I° with a < b, then

% /ab Ty (x) f(x))cf(x) dx < 32\7;% [bg(a)(3f(a)+ f(b)) +ag(b)(f(a)+3f(b))] (4.10)
and | ,
— /a (%) f(x)g(x) dx < 3237) [af (a)(3g(a) + g (b)) +bf(b) (s(a) +3g(b))]. @.11)
where
(o) = VPO, g (’“;")g”‘”, celab]
Proof. By the variable change x = H,(a,b) for ¢ € (0,1), then g (x) = \/t(1—¢) for t € (0,1). Also by the HT-

convexity of f, we gain

ba_ba/h 1 (x ) xz dX—/ t(1—1)f(H;(a,b))g(Hi(ab))dr < ;/OlAt(f(a),f(b))g(H,(a,b))dt.

Changing the integral variable again and using the MT-convexity of g, we obtain

Ny RTICTCIN

b—al, x2

<5 [ A7) 1)) (ab)) ar

taf(a)+ (1—1)bf(b) ab
2 ) g

ab " [taf(a) + (1 —1)bf(b)][tg(a) + (1 —1)g(b)]
~ 4 Jo 1(1—1)[A(a,b)]3

[bg(a)(3f(a)+ f(b)) +ag(b)(f(a) +3£(b))].

dt

T
© 32v/ab
Similarly, we can obtain the second inequality (4.11). Thus the proof of Theorem 4.3 is completed. O

Corollary 4.4. Let I C IR, be an interval and f,g : I — R. If the function f is HT-convex and g is MT-convex on
I, and fg € Li([a,D]), where a,b € I° with a < b.

1. When g is an increasing function on I, then

S [ a0 "B g < T 1) Bg(a) +86)) + 10) 5(a) + 3800)]:
2. When f is a decreasing function on I, then

1
b—ala

where Ty (x) and T4 (x) are defined by Theorem 4.3.
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Proof. Since g is an increasing function on /, by the inequality (4.10), and the HT-convexity of function f and the
MT-convexity of function g, we deduced that

N SRTICTEY

b—alJa x? *
< [0 s(an)saan)
1/l 1
Sz/o \/ﬁAt(f(a),f(b))A,(g(a),g(b))dt

:% [f(a)(3g(a) +5(b)) + f(b)(g(a) +35(b))]

and utilizing the decreasing of function f, we acquire

bia /ab Ta(x) f(x)g(x) dx

< [ V=) g4 e 0))

<2 [F(@)(38(a) + (b)) + £(b) (3(a) +3(5))].
The proof of Corollary 4.4 is completed. O
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