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Abstract

In this paper we provide several generalizations for tensorial and Hadamard products of positive linear operators on complex Hilbert
spaces of the celebrated scalar inequalities due to Tominaga. They give both multiplicative and additive reverses of Young’s inequality for
positive operators in terms of Specht’s ratio and logarithmic mean.
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1. Introduction

In this paper we investigate some operator inequalities for tensorial and Hadamard products of positive operators
in Hilbert spaces and obtain, in particular, generalizations of two scalar inequalities due to Tominaga that gave re-
verses of the celebrated Young’s inequality between the arithmetic and geometric means. These achievements were
accomplished by making use of the multivariate functional calculus introduced recently by H. Araki and F. Hansen in
[2].

As is known to all, the famous Young inequality for scalars says that if a,b > 0 and v € [0, 1], then
avp' < (1=v)a+vb (1.1)

with equality if and only if @ = b. The inequality (1.1) is also called v-weighted arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by

1

W~ ifhe (0,1)U(1,00)
eln(hM)
S(h):=
lifh=1.

It is well known that limy,_,; S (h) = 1, S () = S(3) > 1 for 1 > 0, h # 1. The function is decreasing on (0, 1) and
increasing on (1,00).
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Tominaga [12] had proved a multiplicative reverse Young inequality with the Specht’s ratio [9] as follows:
(l—v)a—{—vng(%) al=pY (1.2)

fora, b>0and v € [0,1].
He also obtained the following additive reverse

(1-v)a+vb—a' Vb §L(a,b)ln5(%> (1.3)

fora,b>0and v € [0,1], where L(-,-) is the logarithmic mean defined by

lnz:?na forb#a,
L(a,b):=
aifb=a.
If0<m<a,b<M,then also [12]
I=vyv M 1-vyv
(a'b g)(l—v)a+vbgs(>a b (1.4)
m
and y y
(0 S)(l—v)a—l—vb—al"bvgaL(l,>lnS () (1.5)
m m
for v € [0,1].

Let I1,...,I; be intervals from IR and let f : I} X ... X [y — IR be an essentially bounded real function defined on the
product of the intervals. Let A = (A1 , ...,An) be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hj, ..., Hy
such that the spectrum of A; is contained in /; for i = 1,...,k. We say that such a k-tuple is in the domain of f. If

A= /1 AdE; (A)
is the spectral resolution of A; for i = 1,...,k; by following [2], we define

F (AL AL ::/I o | £ Qi 2 AE (1) © .0 dE (30) (1.6)

as a bounded selfadjoint operator on the tensorial product H; ® ... ® H.

If the Hilbert spaces are of finite dimension, then the above integrals become finite sums, and we may consider
the functional calculus for arbitrary real functions. This construction [2] extends the definition of Korédnyi [5] for
functions of two variables and have the property that

(AL AR = fi(AD) ® ... ® fi(Ar),

whenever f can be separated as a product f(f1,....,tx) = fi(t1)...fx(tx) of k functions each depending on only one
variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0,c0), namely

f(st) > (L) f(s) f(¢) forall s,z € [0,00)
and if f is continuous on [0,c0), then [7, p. 173]
f(A®B) > (<) f(A)® f(B) forall A, B> 0.

This follows by observing that, if

A:/ tdE (1) andB:/ sdF (s)
0:2) 02)
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are the spectral resolutions of A and B, then
f(A®B) = /[O )/{0 () dE (1)@ dF ()

for the continuous function f on [0,00).
Recall the geometric operator mean for the positive operators A, B > 0

A#B:= AV2(AT1/2BAT1/2) 1412,

where 7 € [0,1] and
A#B 1= AV/2(A71/2BA~1/2) 124172,

By the definitions of # and ® we have
A#B = B#A and (A#B)® (B#A) = (AQ B)#(B®A).

In 2007, S. Wada [13] obtained the following Callebaut type inequalities for tensorial product

(A#B) @ (A#B) < ~ [(A#4B) ® (A#_oB) + (Ath_oB) @ (A#B)]

N = N =

< - (AQB+B®A)

forA, B>0and a € [0,1].
Recall that the Hadamard product of A and B in B(H) is defined to be the operator A o B € B(H ) satisfying

((AoB)ej.e;j) = (Aej.e;) (Bej.e;)

for all j € IN, where {e J}j i 18 an orthonormal basis for the separable Hilbert space H.
It is known that, see [6], we have the representation

AoB=U*(AQB)U, (1.7)

where % : H — H ® H is the isometry defined by % e; = e;®e; for all j € IN.
If f is super-multiplicative operator concave (sub-multiplicative operator convex) on [0,00), then also [7, p. 173]

f(AoB) > (<) f(A)of(B) forall A, B> 0.

We recall the following elementary inequalities for the Hadamard product
A20B12 < <A42FB> olforA, B>0

and Fiedler inequality
AoA™! > 1for A > 0.

As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [1] showed that
AoB < (A%01)"? (B201)"* fora, B>0
and Aujla and Vasudeva [3] gave an alternative upper bound

)"/ for A, B> 0.

AoB< (A2032

It has been shown in [8] that (A2 ) 1) 12 (32 o l) 2 and (A2 o Bz) 2 are incomparable for 2-square positive definite
matrices A and B.
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For some recent tensorial and Hadamard product inequalities, see [4], [10], [11] and the references therein.
Motivated by the above results, in this paper we show among others that, if the selfadjoint operators A and B
satisfy the condition 0 < m <A, B < M for some constants m and M, then for v € [0, 1]

ATVeBY < (1-v )A®1—|—v1®B<S< )A‘ Y@ BY
m

and

0<(1-v)A®1+vI®B-A"""®B"

L (1,M> InS <M> A®1,
m m

where S(-) is the Specht’s ratio and L(-,-) is the logarithmic mean. We also have the following inequalities for the
Hadamard product

A™VoBY <[(1— )A+vB]ol<S< >A1 VoBY
m

and
M M
0< [(1 —v)A+vB] ol—A"VoBY <L (1,) InS <>Aol,
m m

where v € [0, 1].

2. Main Results
Our first main result is as follows:

Theorem 2.1. Assume that the selfadjoint operators A and B satisfy the condition 0 < m < A, B < M for some
constants m and M, then for v € [0,1],

M
A1V®B"§(1—v)A®1+v1®B§S(>A1V®BV Q2.1
m
and
1-v \Y M M
0<(1-v)AR1+VvI®B-A"V®B' <L(1,= IS = |A®1. (22)
m m
In particular,
1 M
A1/2®B”2§2(A®1+1®B)§S<>A1/2®Bl/2
m
and

0<-(A®1+12B)-AY?@B% < ( >lnS< >A®1

1
-2
Proof. From (1.4) we get
M
VsV < (1-v) z+vS<S<> VY (2.3)
m

forallt, s € [m,M] and v € [0,1].

Assume that
M

M
A= / tdE (1) and B= [ sdF (s)

are the spectral resolutions of A and B. Now, if we take the double integral [ [ over dE (1) @ dF (s) in (2.3), then
we get

/mM/mel‘stdE (1) ®dF (s) < /M/M (1= V)t +vs|dE (t) @ dF (s) 2.4)

m m



S. S. Dragomir, J. Inequal. Math. Anal., 1(1), 2025, 28-46 32

<Ss (Z) /mM/th”svdE (t)@dF (s).

M M
//tlfvsVdE(t)®dF(s):AI*V®BV

Since

and
M M
//[(1—v)t+VS]dE(t)®dF(s):(I—V)A®1+VI®B,
then, by (2.4) we get (2.1).
By (1.5) we get

M M
0< V)t + Vvs|dE (1) @dF (s) (2.5)

m

S

M/ t'"VsYdE (t) @ dF (s)

m m

gL(l,Z lnS(Z)/m /m (dE () ©dF (s)

/M/MtdE(t)®dF(s) —A®1,

m m

and since

hence by (2.5) we deduce (2.2). O

Remark 2.2. If 0 < m < A < M for some constants m and M, then
1—v \% M 1—-v \%
ATTRA L (1—v)A®1+v1®A§S<>A ®A
m

and
M M
0<(1-vAR1+vieA—A""eAY §L<1,) InS <>A®1.
m m

In particular,

M
A2 @AY < 7(A®1+1®A) S<>A1/2®A1/2
m

\S]

and
1 M M
0< E(A@1+1®A)—A1/2®A“2 §L<1,> InS <>A®1.
m m

Corollary 2.3. Assume that the selfadjoint operators A; and B; satisfy the condition 0 < m < A;, B <M, p; > 0 for

ie{l,...n} with Y, pi =1, then
n n
Y pA Y | @ | ) piBY (2.6)
i=1 i=1

<(1—-v) ( PiAi) ®@1+vi® (ZP:‘B;‘>
i i=1

s <1"Z> (lipiAil—V> ® (ip,-BiV)

(ngE

Il
—
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and

0< (1-v) (Zn:piA,) ®1+vIE <Zn:pi3i> 2.7)

Proof. From (2.1) we have
M
A7V ®B] < (1-v)A;®1+VI®B;<S () Al @BY
m

fori, je{l,...n}.
If we multiply by p;p; > 0 and sum, then we get

n n
Y pipiAl V@B < Y pipi[(1-V)Ai@1+VI©B)]

ij=1 i.j=1
M n
<S8 <> Y pipjAl Y ©BY,
mj =
which is equivalent to (2.6).
The inequality (2.7) follows in a similar way from (2.2). O

Remark 2.4. 1f we take B; = A;, i € {1,...,n} in Corollary 2.3, then we get

(2> [E)
(1-v) ( i )®1+v1®(;p, )
oo

M:

Il
—

and
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Corollary 2.5. With the assumptions of Theorem 2.1,

M
A'"VoBY <[(1-Vv)A+VB]ol §S<>A1_"OBV (2.8)
m
and
M M
0<[(1-V)A+VB]ol—A""VoB <L<1,> InS <>Aol. (2.9)
m m
In particular,
A1/20B1/2<A+BOI<S M 1/24 gl/2
- 2 - m
and

0<ATB 1 _arepi<r (1,M> InS <M>Ao L.
2 m m
Proof. 1f we use the identity (1.7) and apply % * to the left and % to the right of inequality (2.1), we get

U (A" QB YU <U*[(1-V)AR1+VIQB|% (2.10)

<S <M> v (A" eB")%,

m
which is equivalent to (2.8). O

Remark 2.6. Assume that the selfadjoint operators A; and B; satisfy the condition 0 < m < A;, B; <M, p; > 0 for
i€{l,..,n} with 7' | p; = 1, then by Remark 2.4 we get

n n n
(ZP:‘A}V> ° (ZP:‘A,V> < (ZPA’) ol
i=1 i=1 i=1

and

Theorem 2.7. Assume that f, g are continuous and nonnegative on the interval I and there exists 0 <y < T such that

ySMSFforalltel,

g(1)
then for the selfadjoint operators A and B with spectra Sp (A), Sp(B) C I,
<f2(17v) (A) g2v (A)) Q <f2v (B) gZ(lfv) (B)) 2.11)

<(1-v)f*(A)@g* (B)+vg* (A)® f*(B)

<s ((g)) (P @ ) e (#7807 8)
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and
<(1-v)f*(A)@g* (B) +vg* (A) @ f* (B) (2.12)
( (I-v) ) ® (f2v (B) gz(l—v) (B))

and

0

IN
NS

<L <1, (g)z) InS <<£)2> fF(A)®g*(B).

Proof. For any ¢, s € I we have

2@ £20) _ 2

Y < 20 76 <

If we use the inequality (1.4) for P » E »
! s
Cen T e

then we get
PONT (PO ) 20 L)
(&0) (=) <0-vg i 213)

foranyt,sel.
Now, if we multiply (2.13) by g2 (t) g? (s) > 0, then we get

f2(] v) (1) &> (1) f2 (s)gz(] v) () (2.14)
< (1=v) f2(1) 8% (s) +vg* (1) £ (s)

f?
(( >)f21v (1) 12 (5) 2207 (s)

A:/ItdE(t) andB:/Ide(s)

foranyt,sel.
Assume that
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are the spectral resolutions of A and B.
Further on, if we take the double integral [; [, over dE (t) @ dF (s) in (2.14), then we get

// (1-v) )12 (5) 20) (5) dE (1) @ dF (s) 2.15)

(1-v //f (1) @ dF (s)
+v//g (1) @ dF (s)

§S<<?))%jﬁ“”wﬂfwwﬂﬂwf“”Nwﬂﬂﬂ®ﬂww-

Since
S0 @8 0 () 8207 () dE (1) @dF (s)
_/flv & WEO) @ [ £24(5)8217) (5)dF (s)
= (PO @ @) o (£ B2 3)),
|0 0 E@ 0dF () = [ £ (0dE @) [ (5)dF ()
=r*(4)©¢* (B),
and
| e O ©E) @6 = [20)dE@ e | £dF )
=g (A)®*(B),

hence by (2.15) we get (2.11).
From (1.5) we obtain

foranyt,sel.
If we multiply by g% (¢) g% (s) > O then we get

(1=v) f2(1) 8% (s) +v&* (1) f2(s) = F2U7V) (1) 8% (1) £2Y (5) 21 7Y) (s) (2.16)

<18 (s)L (1’ (1;,)2) 3 <<£>2>
forany ¢, s € 1.

If we take the double integral [, [; over dE (t) ® dF (s) in (2.16) and use a similar argument as above, we deduce
the desired result (2.12). O
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Corollary 2.8. With the assumption of Theorem 2.7, we have the following inequalities for the Hadamard product
(P @ @) o (7 (B2 (8)

<(1—=v)f*(A)og*(B)+vg* (A)of*(B)

<s ((5)) (PO @@ @) e (2 5) 21 (8)

and

0

IN

) f>(A)og* (B)+vg*(A)o f*(B)
(A)

(I—-v
P @ @) o (17 ()20 (8))

and

<L (1, G)z) InS <<£)z> A (A)og*(B).

Remark 2.9. If we take B = A in Corollary 2.8, then we get the simpler inequalities
(P @g (@) o (77 ()80 ()

< f2(A)og* (A)

and

In particular, for v =1/2,

(f(A)g(A))o(f(A)g(A)) < f*(A)og® (4)
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§S<<r> )(f(A)g(A))O(f(A)g(A))

and

0<f%(A)og*(A) = (f(A)g(A))o(f(A)g(A))

<L (1, <£>2> InS (G)z) fA(A)og(A).

Corollary 2.10. With the assumption of Theorem 2.7, then for the selfadjoint operators A; and B; with spectra Sp (A;),
Sp(Bi) C I, and p; >0 forie {l,...n} withY}_, pi =1, then

(ipifz(lv) (A) g* (Ai)> ® (ipifzv (B;) g (Bi)>
<(1-v) (i‘,pifz (Az')) ® (i‘,pigz (Bi)>

+v (an pig° (Ai)> ® (ipifz (Bi)>

i=1

and

(3 ()) () ()

If take B; = A; and consider the Hadamard product version, then we get the simpler inequalities

<Z pif? V) (A g% (Ai)> o (Z pif? (A1) g (Ai)> (2.17)
i=1 i=1

< (Xn:l?ifz (Ai)> o <il’i82 (Ai)>
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: (ipifzv ()17 (A,.>)

and

0< (fpiﬁ (A») o (fpigz (4:) (2.18)

3. Some Related Results
Further on, observe that if a, » > 0 and
0<I'<
for some L, [ > 0 with LI > 1, then

s(g) <max {S(I™),S(L)} = max{S(1).5(L)}

and by (1.2) we have
(1=v)a+vb<max{S(l),S(L)}a'"b" (3.1
for every v € [0,1].

Theorem 3.1. Assume that
0<m < f(t) <Mj;<oo, 0 <my <g(t) <M< oo, (3.2)

fort €l Ifu(t), v(tr) > 0 and continuous on I, then for the selfadjoint operators A and B with spectra Sp (A),
Sp(B) C 1,

(f(A)u(A))e(v(B)g(B)) 3.3)

In particular, for p =q =2
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Proof. Now, if we write the inequality (3.1) for [ = A’Z—g, = Am/l—g, a=fP(t),b=g%(s)and v = é, and use Young’s
1 2
inequality, then we get
1 1 M M?
F)g(s) < —fP(t)+-g(s) <max<S{—5 )8 —¢ | ¢ £ (1) g(s) (3.4)
p q ny m;

foranyt,s € l.
If we multiply (3.4) by u(¢) v (s) > 0, then we get
1

u(t) f7 (1) v(s) +5M(f)gq (s)v(s) (3.5

<max{s(2).s () L 0wy 01600

m m,

f@)ult)v(s)g(s) <

< -

foranyt,sel.
If we take the double integral [, [, over dE (t) @ dF (s) in (3.5) and use a similar argument as above, we deduce
the desired result (3.3). O

Corollary 3.2. With the assumptions of Theorem 3.1 we have the tensorial inequalities

(f(A)g(a)) @ (f(B)g(B))
< 117 (g(4)fr(A)®f(B)+ ;g(A) © (¢7(B)f(B))

gm{s@fl) s(E) o weane v @s@)

m,
and
(P (4) & (8 (5))
<2 (P W) e e(B)+ or (4) o (17 (B)
con 5 (0100
For p = g = 2, we obtain
(F ()5 (A) & (7 (B)2(B))
<5 [cW @) e f(B) +5()e (& (B)f (B)]
smax{s«f‘nff)z s <Z;>2)}(f(A)g(A))®(f(B)g(B))
and
WORE)
<SP @) o8 B) +F(A)e (5 (B))]
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We have the following results for Hadamard product:
Corollary 3.3. With the assumptions of Theorem 3.1,
(F(A)u(4) o (v (B) 2 (8))
< - WA) 7 (4)ov (B) + Tu(a) o ¢ (B) v (8))
<max {5 (25 ).5 (50) | U (a0 (8)e ).
In particular, for p=q =2
(F(A)u(a)) o (v (B) 2 (8))
<5 (@A) £ (4)) ov (B) +u(4) o (¢ (B)v(B))]
< max{s ((Z)) s ((fj)) } (F (4)u(a))o (v(B)s (B)
For v = u, we get
(f(A)u(A))o(u(B)g(B)) (3.6)
< @A) 7 () ou(B) + () o (&7 (B)u(B)
<max {5 (12).5 (M) 0w o uB)e(6)
In particular, for p = g = 2
(7 (4)u(a)) o (u(B)g (B) @)
< 3 [((4) 7 (4)) ou(B) +u(A)o (&2 (B)u(B))]
< max{s ((fj)) s ((fj)) } (F(A)u(a)) o (u(B) g (B))
Moreover, if we take in (3.6) and (3.7) B = A, we get
(4(A) £ (4)) o (u(4) 8 (4))
< (v [z @)+ )] Jouta)
<max{s (22).5 (M) f s an o e
In particular, for p = g = 2
(u(A) £ (4)) o (u(4) g (4)) 8
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< max{s ((fj)) S ((Z)) } (u(A) £(4)) o (u(A) g (4)).

Moreover, if we take g = f in (3.8), then we get

We also have the following inequalities for sums:

Corollary 3.4. Assume that f and g satisfy the conditions (3.2). If u(t), v(t) > 0 and continuous on I, then for the
selfadjoint operators A; and B; with Sp (A;), Sp (B;) C I, and p; > 0 fori € {1,....n} with Y1, p; =1,

el
il i
| )

In particular, for p=q =2

(imf(mﬁ(m)) ® (ipiv (Bi)g(Bi)) (3.9)

X (ipif(Ai)u(Ai)> @,

From (3.9) for g = f,v=uwuand B; = A;, i € {1,....,n}, we get the inequality for the Hadamard product

( (Al-)) o (épiumfw)

M-
)
N
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< ( IPiM(Ai)f2 (Ai)> ° <iipi”(’4i)>

<s((2)) (rrwrmin)o(

Consider the functions f (1) =¢” and g (t) =4 fort > 0 and p,q # 0. If A, B are selfadjoint operators with Sp (A),
Sp(B) C [m,M] C (0,0), then it follows that

D=

D=

piu(A) f (A,-)) :

1

4. Some Examples

M =tP71 fort > 0.
g(t)
Therefore
mP~9 < Jgf(g <MP~9fort € [m,M] and p > ¢
and
MP~1 < {;(;; <mP~9forr € [m,M] and p < q.

From Theorem 2.7 we get for p > ¢ that

A2(1=v)p+2vq ®B2Vp+2(lfv)q

< (1—v)A¥ @ B* + vA*1 @ B*?
2(p—q)
<S <<M> )Az(l—v)erZVq ®Bva+2(1—v)q

and

0< (1 B V)AZp ®BZq + vA2q ®B2p _A2(17v)p+2w1 ®B2Vp+2(lfv)q

2(p—q) 2(p—q)
§L<1,<M> >lnS<(M> >A2”®qu.
m m

APt ® BPTe <

In particular, for v=1/2,

(A% @ B* 4+ A% ® B*)
2(p—q)
((M) ) AP & gPta
m

(A* ®B* + A @ B) — APT4 @ BP T4

2(p—q) 2(p—q)
§L<1,(M> >1n5<<M> >A2P®B2q.
m m

We also have the inequalities for the Hadamard product

| =

IA
o)

and

0<

| —

A2(1—v)p+2w/oBva+2(1—v)q 4.1)
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< (1—V)A% o B* 4 vA% o B¥
2(p—q)
<S % A2(1—V)p+2Vq OBZVp+2(1—v)q
- m
and
0 S (1 _ V)A2p OBZq + vAZq OBZP _AZ(I*V)p"(‘ZVq OBZVp-‘rZ(lfV)q (42)
2(p—q) 2(p—q)
M M
§L<1,(> )ms(() )AZpoqu.
m m
In particular, for v=1/2,
1
APT4 o BPHa < 3 (A% 0 B* +A* o B?P) 4.3)
2(p—q)
<Ss M APt oprta
- m
and
1
0<3 (A* o B* + A% 0 B*P) — APT9oBPTd (4.4)

2(p—q) 2(p—q)
SL(l, <M> >1nS<<M) >A2POBZ’1.
m m

Moreover, if we take B = A in (4.1)-(4.4), then we get

A2(17V)p+2VqOAZVP-FZ(I*V)q SAZPOAZ(]

2 —
_ ((M) (p Q)> A2(17V)P+2V‘1oAZVp+2(17v)q

m

and

0 SA2pOAZq_AZ(I—V)p+2VqOAZVP+2(1—V)q
2(p—q) 2(p—q)
M M
gL(l, () >1nS(<> >A2”0A2q.
m m
In particular, for v =1/2,
M Z(P*‘])
APTIoAPTE < AP 0 A% < § <) APt o APFA

m

and

0 <A’ 0 A% — APT9 0 APTY

2(p—q) 2(p—q)
SL(I, <M> >1nS<<M) >A2P 0 A%,
m m
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Now, assume that Sp (4;) C [m,M] C (0,00) and p; > 0 for i € {1,...,n} with ¥}, p; = 1, then from (2.17) and
(2.18) we derive

n n
(ZP:A (1-v p+2vq> o (ZpiAinerz(l—v)q)
i=1 i=1

<(£)2> (Zn:plA,z(l v)p+2vz1> ° <Zn:PiA,'2vp+2(lv)q>

i=1 i=1

and
i=1 i=1

B (iplAlz(l v)p+2w;> . (ipiAiszJrz(l—v)q)

i=1

<L (1, G)z> InS ((I}:)z) (; piAl.ZP> o <)::] piA?q>
forv e [0,1].

In particular, for v =1/2 we get

and

The interested reader may also consider the examples f () = exp (o), g () = exp (Bt) with o #  and t € R.

5. Conclusion

In this paper we obtained some significant operator inequalities for tensorial and Hadamard products of positive
operators in Hilbert spaces. In particular, we derived generalizations of two scalar inequalities due to Tominaga that
gave reverses of the celebrated Young’s inequality between the arithmetic and geometric means. These achievements
were accomplished by making use of the multivariate functional calculus introduced by H. Araki and F. Hansen.
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