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Abstract
Hilbert integral inequalities of various types have been widely studied in mathematics. There is still room for research in this area,

especially in the trivariate case, which has received less attention than the bivariate case. This article contributes to this topic by studying a
special trivariate Hilbert-type integral inequality, which has the property of depending on three functions and several adjustable parameters.
Four theoretical results are derived under different assumptions, the first three of which establish upper bounds, while the last one establishes a
lower bound. These inequalities provide mathematical tools useful for solving three-dimensional problems involving complex integrals.
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1. Introduction

This article begins with a brief review of the state of the art on Hilbert-type integral inequalities, the new contri-
butions, and the organization of the subsequent sections.

1.1. State of the art

Several results laid the foundations of modern mathematics. The Hilbert integral inequality is one of them: it
gives a sharp upper bound on the double integrals of certain ratio-product functions, which are crucial in analysis.
Let us state explicitly a general version of this inequality, sometimes called the Hardy-Hilbert integral inequality.
For any p,q > 1 such that 1/p + 1/q = 1 and f ,g : [0,+∞) → [0,+∞) such that 0 <

∫ +∞

0 f p(x)dx < +∞ and
0 <

∫ +∞

0 gq(y)dy <+∞, the following holds:

∫ +∞

0

∫ +∞

0

f (x)g(y)
x+ y

dxdy≤ Ξ
[∫ +∞

0
f p(x)dx

]1/p[∫ +∞

0
gq(y)dy

]1/q

,

where
Ξ =

π

sin(π/p)
.

The technical details can be found in [11, 27]. The case p = q = 2, corresponding to the classical Hilbert integral
inequality, gives the famous constant π as the factor constant, i.e., Ξ = π . In the bivariate case, the Hilbert integral
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inequality has served as the basis for many generalizations and extensions established over the years. They can
depend on several adjustable parameters, different kernel functions and different differential operators. A short list of
important references on the subject is [22, 24, 21, 25, 15, 26, 9, 20, 4, 1, 2, 8]. In addition to these generalizations
and extensions, some connections between the Hilbert integral inequality and the famous Hardy integral inequality
are established in [3]. The survey in [7] also provides a comprehensive overview of the current state of the art. It
summarizes recent progress and highlights open problems for future research.

Beyond the bivariate case, the study of multivariate variants of the Hilbert integral inequality has attracted atten-
tion. These variants mechanically involve additional complexity due to the interaction of more than three variables
and functions. Some relevant references can be found in [14, 23, 16]. We also cite [12, 6, 29, 18, 28, 17, 13] for recent
contributions to the topic.

For the purposes of this article, it is important to recall a specific trivariate integral inequality that is derived from
the main result in [23]. Let us state this result explicitly. For any p,q,r > 1 such that 1/p+ 1/q+ 1/r = 1, λ >
3−min(p,q,r), and f ,g,h : [0,+∞)→ [0,+∞), such that 0 <

∫ +∞

0 x2−λ f p(x)dx <+∞, 0 <
∫ +∞

0 y2−λ gq(y)dy <+∞

and 0 <
∫ +∞

0 z2−λ hr(z)dz <+∞, the following holds:∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)
(x+ y+ z)λ

dxdydz

≤ Υ
[∫ +∞

0
x2−λ f p(x)dx

]1/p[∫ +∞

0
y2−λ gq(y)dy

]1/q[∫ +∞

0
x2−λ hr(z)dz

]1/r

,

where

Υ =
Γ (1+(λ −3)/p)Γ (1+(λ −3)/q)Γ (1+(λ −3)/r)

Γ(λ )

and Γ(α) =
∫ +∞

0 tα−1e−tdt with α > 0 denotes the standard gamma function taken at α . This trivariate integral
inequality thus depends on three functions, f , g and h, and extends the bivariate Hilbert integral inequality by intro-
ducing an additional dimension and an adjustable parameter, λ . This addition increases the flexibility of the inequality
and broadens its applicability. It also highlights the importance of the gamma function in determining the sharp factor
constant Υ, which does not hold in the simpler bivariate case.

This key trivariate integral result has inspired several others, including its bounded integration interval version,
which is based on the following triple integral:∫ a

0

∫ a

0

∫ a

0

f (x)g(y)h(z)
(x+ y+ z)λ

dxdydz

with a > 0. It is discussed in detail in [16], with the exact definition of the upper bound, including the factor constant.
The trivariate Hilbert-type integral inequalities studied in [17] are also remarkable for their originality and complexity.
They are based on the following two triple integrals:∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)
|x− y− z|λ

dxdydz

and ∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)
|1− xyz|λ

dxdydz.

Their complexity lies in the interaction of the variables x, y and z, combined with the adjustable parameter λ , which
plays a role in the integrability assumptions. As shown in [17], the sharp factor constants derived for the corresponding
inequalities are related to the beta function, which has a known ratio-product expression in terms of the gamma
function (their exact expressions are omitted here for brevity). The proofs of the corresponding inequalities are based
on three steps. First, technical decompositions of the triple integrals are considered, introducing three intermediate
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terms adapted to the specific situation. Second, the generalized Hölder integral inequality is used to separate these
three terms in a sense (see [19, 5] for more information on the generalized Hölder integral inequality). Third, various
techniques from integral calculus are used to evaluate and simplify the obtained expressions.

These results demonstrate original approaches that extend bivariate Hilbert-type integral inequalities to higher
dimensions. They establish precise bounds that are critical for advancing theoretical insights and enhancing practical
applications. Furthermore, the techniques developed may inspire further research in related areas of analysis and
applied mathematics. This is at the core of the motivation for this article.

1.2. Contributions

This article contributes to the study of integral inequalities by introducing and exploring a new trivariate Hilbert-
type integral inequality based on the following main term:∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

with α ∈R\{0} and λ > 0. This integral expression is unique due to the presence of the power product term (xyz)α

in the denominator, which is also considered into a power function depending on another parameter, λ . Note that
the parameter α can take both positive and negative values. This flexibility gives the derived inequality interesting
properties compared to other variants, such as those presented in the previous subsection.

On this basis, four theoretical results are established, each under special parameter constraints and integrability
assumptions. The first result gives a sharp and flexible upper bound on the triple integral of interest. This upper bound
is expressed as a "sharp factor constant" involving the gamma function, multiplied by the following multiplication of
the weighted integral norms of f , g and h:[∫ +∞

0
(1+ xγ)β p f p(x)

x
dx
]1/p[∫ +∞

0

(
1+ yδ

)βq gq(y)
y

dy
]1/q

×
[∫ +∞

0
(1+ zµ)β r hr(z)

z
dz
]1/r

,

where β , γ , δ and µ are parameters that can be modulated to satisfy the required integrability assumptions. The
proof relies on decompositions of the triple integral, carefully introducing intermediate terms. Then the generalized
Hölder integral inequality is applied, and further steps involve advanced integral calculus techniques. These elements
work together to establish the sharpness of the upper bound. In the same framework, the second result concerns an
inequality based on a more sophisticated triple integral, with the following expression:∫ +∞

0
(1+ xγ)−βqr/(q+r) xqr/[p(q+r)]

{∫ +∞

0

∫ +∞

0

g(y)h(z)

[1+(xyz)α ]λ
dydz

}qr/(q+r)

dx

1/q+1/r

.

Similar work is done for two other variants of this expression, one depending on f and g and the other on f and h.
In each case, the proof is based on several integral developments and the use of the first new result under a particular
configuration.

The third result complements the first by giving a new upper bound on the main triple integral. It revises the
constant factor in the bound and also adjusts the different weight functions associated with the weighted integral
norms of f , g and h. The proof uses changes of variables to simplify the expressions and then applies the first result
under a special configuration, demonstrating the versatility of the approach.

The fourth and final result is innovative in that it gives a lower bound on the main triple integral term. This is
of interest because lower bounds are often understudied in such trivariate Hilert-type integral inequality frameworks.
This result ensures a more complete understanding of the previous work.
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1.3. Organization of the article

The organization of the article is as follows: Section 2 presents our main result. The second and third results
are given in Section 3. The proposed lower bound is discussed in Section 4. Section 5 gives a conclusion and some
perspectives.

2. Main result

The main result of the article is presented in the proposition below. It specifies all the constants and assumptions
of the trivariate Hilbert-type integral inequality of interest, briefly outlined in the previous section.

Proposition 2.1. Let p,q,r > 1 such that 1/p+ 1/q+ 1/r = 1, f ,g,h : [0,+∞)→ [0,+∞), α ∈R\{0} and λ > 0.
Five secondary parameters are considered: γ ,δ , µ ∈R\{0}, β > 0 and ν ∈R, under the assumptions that

ν + 1
α

> 0, λ ≥ ν + 1
α

, max
(

ν

γ
,
ν

δ
,

ν

µ

)
< 0, β ≥−min

(
ν

γ
,
ν

δ
,

ν

µ

)
.

It is also assumed that

0 <
∫ +∞

0
(1+ xγ)β p f p(x)

x
dx <+∞, 0 <

∫ +∞

0

(
1+ yδ

)βq gq(y)
y

dy <+∞

and

0 <
∫ +∞

0
(1+ zµ)β r hr(z)

z
dz <+∞.

Then the following holds:∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

≤Φ
[∫ +∞

0
(1+ xγ)β p f p(x)

x
dx
]1/p[∫ +∞

0

(
1+ yδ

)βq gq(y)
y

dy
]1/q

×
[∫ +∞

0
(1+ zµ)β r hr(z)

z
dz
]1/r

,

where

Φ =
Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)

|α|Γ(λ )
× [Γ (−(ν/δ )p)Γ ((β +ν/δ )p)]1/p

|δ |1/p[Γ(β p)]1/p

× [Γ (−(ν/µ)q)Γ ((β +ν/µ)q)]1/q

|µ|1/q[Γ(βq)]1/q × [Γ (−(ν/γ)r)Γ ((β +ν/γ)r)]1/r

|γ|1/r[Γ(β r)]1/r . (2.1)

Proof. First, a well-known intermediate result is presented, which will be used in this proof.

Lemma 2.2. Let a >−1 and b > a+ 1. Then the following holds:∫ +∞

0

ta

(1+ t)b dt =
Γ(a+ 1)Γ(b−a−1)

Γ(b)
.

See [10, 3.194.3, with β = 1].
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With a judicious introduction of intermediate terms depending on the parameters involved, including the secondary
parameters γ , δ , µ , β and ν , and using 1/p+1/q+1/r = 1, the main triple integral can be decomposed as follows:∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

=
∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)xν/pzν/p

yν(1−1/p) [1+(xyz)α ]λ /p ×
g(y)xν/qyν/q

zν(1−1/q) [1+(xyz)α ]λ /q

× h(z)zν/ryν/r

xν(1−1/r) [1+(xyz)α ]λ /r dxdydz

=
∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)xν/pzν/p

yν(1−1/p) [1+(xyz)α ]λ /p

(1+ xγ)β(
1+ yδ

)β

× g(y)xν/qyν/q

zν(1−1/q) [1+(xyz)α ]λ /q

(
1+ yδ

)β

(1+ zµ)β
× h(z)zν/ryν/r

xν(1−1/r) [1+(xyz)α ]λ /r

(1+ zµ)β

(1+ xγ)β
dxdydz.

From the generalized Hölder integral inequality applied with the parameters p, q and r (see [19, 5]), it follows that

∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)xν/pzν/p

yν(1−1/p) [1+(xyz)α ]λ /p

(1+ xγ)β(
1+ yδ

)β

× g(y)xν/qyν/q

zν(1−1/q) [1+(xyz)α ]λ /q

(
1+ yδ

)β

(1+ zµ)β
× h(z)zν/ryν/r

xν(1−1/r) [1+(xyz)α ]λ /r

(1+ zµ)β

(1+ xγ)β
dxdydz

≤ A1/pB1/qC1/r, (2.2)

where

A =
∫ +∞

0

∫ +∞

0

∫ +∞

0

f p(x)xνzν

yν(p−1) [1+(xyz)α ]λ
(1+ xγ)β p(
1+ yδ

)β p dxdydz,

B =
∫ +∞

0

∫ +∞

0

∫ +∞

0

gq(y)xνyν

zν(q−1) [1+(xyz)α ]λ

(
1+ yδ

)βq

(1+ zµ)βq dxdydz

and

C =
∫ +∞

0

∫ +∞

0

∫ +∞

0

hr(z)zνyν

xν(r−1) [1+(xyz)α ]λ
(1+ zµ)β r

(1+ xγ)β r dxdydz.

Using the Fubini-Tonelli integral theorem (which allows the order of integration to be exchanged, all the integrated
terms being positive) and a decomposition that takes into account the variables of integration, we obtain

A =
∫ +∞

0
(1+ xγ)β p f p(x)

x

[∫ +∞

0

y−ν p−1(
1+ yδ

)β p D(x,y)dy

]
dx,

where

D(x,y) =
∫ +∞

0

(xyz)νxy

[1+(xyz)α ]λ
dz.
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Applying the change of variables t = xyz with respect to z, then u = tα , α ∈ R\{0}, using (ν + 1)/α > 0 and
λ ≥ (ν + 1)/α , which allows to apply Lemma 2.2 with a = (ν + 1)/α−1 and b = λ , it is found that

D(x,y) =
∫ +∞

0

tν

(1+ tα)λ
dt =

1
|α|

∫ +∞

0

u(ν+1)/α−1

(1+ u)λ
du

=
Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)

|α|Γ(λ )
.

Since D(x,y) is independent of x and y, A can be written as

A =
Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)

|α|Γ(λ )

[∫ +∞

0

y−ν p−1(
1+ yδ

)β p dy

][∫ +∞

0
(1+ xγ)β p f p(x)

x
dx
]

.

For the first integral in the square brackets, applying the change of variables v = yδ , δ ∈R\{0}, using ν/δ < 0 and
β >−ν/δ , which allows to apply Lemma 2.2 with a = −(ν/δ )p−1 and b = β p, we obtain

∫ +∞

0

y−ν p−1(
1+ yδ

)β p dy =
1
|δ |

∫ +∞

0

v−(ν p+1)/δ+1/δ−1

(1+ v)β p dv

=
1
|δ |

∫ +∞

0

v−(ν/δ )p−1

(1+ v)β p dv =
Γ (−(ν/δ )p)Γ ((β +ν/δ )p)

|δ |Γ(β p)
.

We can therefore express A as follows:

A =
Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)Γ (−(ν/δ )p)Γ ((β +ν/δ )p)

|α||δ |Γ(λ )Γ(β p)

∫ +∞

0
(1+ xγ)β p f p(x)

x
dx. (2.3)

Similarly to above, analogous expressions for B and C can be found, and they are

B =
Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)Γ (−(ν/µ)q)Γ ((β +ν/µ)q)

|α||µ|Γ(λ )Γ(βq)

∫ +∞

0

(
1+ yδ

)βq gq(y)
y

dy (2.4)

and

C =
Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)Γ (−(ν/γ)r)Γ ((β +ν/γ)r)

|α||γ|Γ(λ )Γ(β r)

∫ +∞

0
(1+ zµ)β r hr(z)

z
dz. (2.5)

It follows from equations (2.2), (2.3), (2.4) and (2.5), and the relation 1/p+ 1/q+ 1/r = 1, that∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

≤
[

Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)Γ (−(ν/δ )p)Γ ((β +ν/δ )p)
|α||δ |Γ(λ )Γ(β p)

∫ +∞

0
(1+ xγ)β p f p(x)

x
dx
]1/p

×
[

Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)Γ (−(ν/µ)q)Γ ((β +ν/µ)q)
|α||µ|Γ(λ )Γ(βq)

∫ +∞

0

(
1+ yδ

)βq gq(y)
y

dy
]1/q

×
[

Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)Γ (−(ν/γ)r)Γ ((β +ν/γ)r)
|α||γ|Γ(λ )Γ(β r)

∫ +∞

0
(1+ zµ)β r hr(z)

z
dz
]1/r

= Φ
[∫ +∞

0
(1+ xγ)β p f p(x)

x
dx
]1/p[∫ +∞

0

(
1+ yδ

)βq gq(y)
y

dy
]1/q
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×
[∫ +∞

0
(1+ zµ)β r hr(z)

z
dz
]1/r

,

where

Φ =

[
Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)Γ (−(ν/δ )p)Γ ((β +ν/δ )p)

|α||δ |Γ(λ )Γ(β p)

]1/p

×
[

Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)Γ (−(ν/µ)q)Γ ((β +ν/µ)q)
|α||µ|Γ(λ )Γ(βq)

]1/q

×
[

Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)Γ (−(ν/γ)r)Γ ((β +ν/γ)r)
|α||γ|Γ(λ )Γ(β r)

]1/r

=
Γ ((ν + 1)/α)Γ (λ − (ν + 1)/α)

|α|Γ(λ )
× [Γ (−(ν/δ )p)Γ ((β +ν/δ )p)]1/p

|δ |1/p[Γ(β p)]1/p

× [Γ (−(ν/µ)q)Γ ((β +ν/µ)q)]1/q

|µ|1/q[Γ(βq)]1/q × [Γ (−(ν/γ)r)Γ ((β +ν/γ)r)]1/r

|γ|1/r[Γ(β r)]1/r ,

which is the formula in equation (2.1). The proof of Proposition 2.1 ends.

Proposition 2.1 provides the theoretical foundation of a new trivariate Hilbert-type integral inequality, with all the
potential applications that it generates. To highlight its interest, note that α can be positive or negative, that β , γ , δ , µ

and ν are intermediate parameters that can be chosen to satisfy the integrability assumptions or to adapt to a particular
mathematical scenario, and that the factor constant Φ is determined to be as sharp as possible. More classically, the
norm parameters p, q and r can also be used for this purpose. Note also that the parameter α does not directly affect
the weighted integral norms of f , g and h in the upper bound, thanks to the intermediate parameters.

We have thus provided a flexible framework for a sophisticated trivariate Hilbert-type integral inequality. This
section is concluded by discussing a simple and complementary approach. Using [1+(xyz)α ]λ ≥ [(xyz)α ]λ =
xαλ yαλ zαλ , under the assumptions 0<

∫ +∞

0 x−αλ f (x)dx<+∞, 0<
∫ +∞

0 y−αλ g(y)dy<+∞ and 0<
∫ +∞

0 z−αλ h(z)dz<
+∞, the following holds: ∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

≤
[∫ +∞

0
x−αλ f (x)dx

][∫ +∞

0
y−αλ g(y)dy

][∫ +∞

0
z−αλ h(z)dz

]
.

This inequality is valuable, but there is no flexibility in the integrability assumptions and the weighted integral norms
of f , g and h. There is also no dependence on p, q and r, all of which are implicitly set to 1. Furthermore, using a
direct inequality in the integral makes the factor constant suboptimal in most cases.

Proposition 2.1 is our main result, but it will also be used as an intermediate result for establishing other integral
inequalities in the next sections.

3. Other new upper bound results

The proposition below adopts the framework of Proposition 2.1, and presents three new and challenging trivariate
integral inequalities. Each of them depends on two functions, instead of three as in Proposition 2.1, and several
parameters.

Proposition 3.1. The same framework as in Proposition 2.1 is considered, including the factor constant Φ as given
in equation (2.1).
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• Putting εq,r = 1/(1/q+ 1/r) = qr/(q+ r), the following holds:[∫ +∞

0
(1+ xγ)−βεq,r xεq,r/p

{∫ +∞

0

∫ +∞

0

g(y)h(z)

[1+(xyz)α ]λ
dydz

}εq,r

dx

]1/q+1/r

≤Φ
[∫ +∞

0

(
1+ yδ

)βq gq(y)
y

dy
]1/q[∫ +∞

0
(1+ zµ)β r hr(z)

z
dz
]1/r

.

• Putting ξp,r = 1/(1/p+ 1/r) = pr/(p+ r), the following holds:∫ +∞

0

(
1+ yδ

)−βξp,r
yξp,r/q

{∫ +∞

0

∫ +∞

0

f (x)h(z)

[1+(xyz)α ]λ
dxdz

}ξp,r

dy

1/p+1/r

≤Φ
[∫ +∞

0
(1+ xγ)β p f p(x)

x
dx
]1/p[∫ +∞

0
(1+ zµ)β r hr(z)

z
dz
]1/r

.

• Putting ζp,q = 1/(1/p+ 1/q) = pq/(p+ q), the following holds:∫ +∞

0
(1+ zµ)−βζp,q zζp,q/r

{∫ +∞

0

∫ +∞

0

f (x)g(y)

[1+(xyz)α ]λ
dxdy

}ζp,q

dz

1/p+1/q

≤Φ
[∫ +∞

0
(1+ xγ)β p f p(x)

x
dx
]1/p[∫ +∞

0

(
1+ yδ

)βq gq(y)
y

dy
]1/q

.

Proof. For the sake of redundancy, we will focus on the first point; the other two can be proved in a similar way. Let
us set

F =
∫ +∞

0
(1+ xγ)−βεq,r xεq,r/p

{∫ +∞

0

∫ +∞

0

g(y)h(z)

[1+(xyz)α ]λ
dydz

}εq,r

dx.

This term will appear later in the proof in the form of an upper bound, as an intermediate step to the establishment of
the desired result.

Using the Fubini-Tonelli integral theorem, a suitable decomposition of F gives

F =
∫ +∞

0

∫ +∞

0

∫ +∞

0
(1+ xγ)−βεq,r xεq,r/p g(y)h(z)

[1+(xyz)α ]λ

×

{∫ +∞

0

∫ +∞

0

g(y)h(z)

[1+(xyz)α ]λ
dydz

}εq,r−1

dxdydz

=
∫ +∞

0

∫ +∞

0

∫ +∞

0

f?(x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz, (3.1)

where

f?(x) = (1+ xγ)−βεq,r xεq,r/p

{∫ +∞

0

∫ +∞

0

g(y)h(z)

[1+(xyz)α ]λ
dydz

}εq,r−1

.
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Proposition 2.1 applied with f = f? gives∫ +∞

0

∫ +∞

0

∫ +∞

0

f?(x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

≤Φ
[∫ +∞

0
(1+ xγ)β p f p

? (x)
x

dx
]1/p[∫ +∞

0

(
1+ yδ

)βq gq(y)
y

dy
]1/q

×
[∫ +∞

0
(1+ zµ)β r hr(z)

z
dz
]1/r

. (3.2)

If we focus on the first term in the square brackets, we have∫ +∞

0
(1+ xγ)β p f p

? (x)
x

dx

=
∫ +∞

0
(1+ xγ)β p 1

x
(1+ xγ)−β pεq,r xεq,r

{∫ +∞

0

∫ +∞

0

g(y)h(z)

[1+(xyz)α ]λ
dydz

}p(εq,r−1)

dx

=
∫ +∞

0
(1+ xγ)β p(1−εq,r) xεq,r−1

{∫ +∞

0

∫ +∞

0

g(y)h(z)

[1+(xyz)α ]λ
dydz

}p(εq,r−1)

dx. (3.3)

Now, using the relation 1/p+ 1/q+ 1/r = 1, so that εq,r = 1/(1/q+ 1/r) = 1/(1−1/p), the following holds:

p (εq,r−1) = p
(

1
1−1/p

−1
)
= p

1/p
1−1/p

=
1

1−1/p
=

1
1/q+ 1/r

= εq,r.

We therefore have ∫ +∞

0
(1+ xγ)β p(1−εq,r) xεq,r−1

{∫ +∞

0

∫ +∞

0

g(y)h(z)

[1+(xyz)α ]λ
dydz

}p(εq,r−1)

dx

=
∫ +∞

0
(1+ xγ)−βεq,r xεq,r/p

{∫ +∞

0

∫ +∞

0

g(y)h(z)

[1+(xyz)α ]λ
dydz

}εq,r

dx

= F . (3.4)

The combination of the equations (3.1), (3.2), (3.3) and (3.4) results in

F ≤Φ×F1/p
[∫ +∞

0

(
1+ yδ

)βq gq(y)
y

dy
]1/q[∫ +∞

0
(1+ zµ)β r hr(z)

z
dz
]1/r

,

so that

F1−1/p ≤Φ
[∫ +∞

0

(
1+ yδ

)βq gq(y)
y

dy
]1/q[∫ +∞

0
(1+ zµ)β r hr(z)

z
dz
]1/r

.

Using the expression of F and the fact that 1−1/p = 1/q+1/r, the above inequality can also be written as follows:[∫ +∞

0
(1+ xγ)−βεq,r xεq,r/p

{∫ +∞

0

∫ +∞

0

g(y)h(z)

[1+(xyz)α ]λ
dydz

}εq,r

dx

]1/q+1/r

≤Φ
[∫ +∞

0

(
1+ yδ

)βq gq(y)
y

dy
]1/q[∫ +∞

0
(1+ zµ)β r hr(z)

z
dz
]1/r

.

The desired inequality is established. This ends the proof of Proposition 3.1.
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Proposition 3.1 can be used as an integral tool in functional analysis, and especially in operator theory, where
weighted integral norms of various complex functions appear.

The proposition below offers an alternative approach to that of Proposition 2.1, with different assumptions and
different weighted integral norms involved in the upper bound. The main difference in the proof is a direct change of
variables in the main triple integral.

Proposition 3.2. Let p,q,r > 1 such that 1/p+ 1/q+ 1/r = 1, f ,g,h : [0,+∞)→ [0,+∞), α ∈R\{0} and λ > 0.
Five secondary parameters are considered: γ ,δ , µ ∈R\{0}, β > 0 and ν ∈R, under the assumptions that

ν >−1, λ ≥ ν + 1, max
(

ν

γ
,
ν

δ
,

ν

µ

)
< 0, β ≥−min

(
ν

γ
,
ν

δ
,

ν

µ

)
.

It is also assumed that

0 <
∫ +∞

0
(1+ xαγ)β p xp(1−α)−1 f p(x)dx <+∞,

0 <
∫ +∞

0

(
1+ yαδ

)βq
yq(1−α)−1gq(y)dy <+∞

and

0 <
∫ +∞

0
(1+ zαµ)β r zr(1−α)−1hr(z)dz <+∞.

Then the following holds:∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

≤ 1
|α|2

Ψ
[∫ +∞

0
(1+ xαγ)β p xp(1−α)−1 f p(x)dx

]1/p

×
[∫ +∞

0

(
1+ yαδ

)βq
yq(1−α)−1gq(y)dy

]1/q[∫ +∞

0
(1+ zαµ)β r zr(1−α)−1hr(z)dz

]1/r

,

where Ψ is given in equation (2.1) with α = 1, i.e.,

Ψ =
Γ(ν + 1)Γ (λ − (ν + 1))

Γ(λ )
× [Γ (−(ν/δ )p)Γ ((β +ν/δ )p)]1/p

|δ |1/p[Γ(β p)]1/p

× [Γ (−(ν/µ)q)Γ ((β +ν/µ)q)]1/q

|µ|1/q[Γ(βq)]1/q × [Γ (−(ν/γ)r)Γ ((β +ν/γ)r)]1/r

|γ|1/r[Γ(β r)]1/r .

Proof. Based on the main triple integral, the changes of variables u = xα , v = yα and w = zα give∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

=
1
|α|3

∫ +∞

0

∫ +∞

0

∫ +∞

0

f (u1/α)g(v1/α)h(w1/α)

(1+ uvw)λ
u1/α−1v1/α−1w1/α−1dudvdw

=
1
|α|3

∫ +∞

0

∫ +∞

0

∫ +∞

0

f†(u)g†(v)h†(w)

(1+ uvw)λ
dudvdw, (3.5)
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where
f†(u) = f (u1/α)u1/α−1, g†(v) = g(v1/α)v1/α−1, h†(w) = h(w1/α)w1/α−1.

Applying Proposition 2.1 with α = 1, f = f†, g = g† and h = h†, we obtain∫ +∞

0

∫ +∞

0

∫ +∞

0

f†(u)g†(v)h†(w)

(1+ uvw)λ
dudvdw

≤ Ψ

[∫ +∞

0
(1+ uγ)β p f p

† (u)

u
du

]1/p[∫ +∞

0

(
1+ vδ

)βq gq
†(v)

v
dv

]1/q

×
[∫ +∞

0
(1+wµ)β r hr

†(w)
w

dw
]1/r

. (3.6)

For the first term in the square brackets, using the definition of f† and the change of variables u = xα , the result is∫ +∞

0
(1+ uγ)β p f p

† (u)

u
du =

∫ +∞

0
(1+ uγ)β p f p(u1/α)up(1/α−1)

u
du

= |α|
∫ +∞

0
(1+ xαγ)β p f p(x)xp(1−α)

xα
xα−1dx

= |α|
∫ +∞

0
(1+ xαγ)β p xp(1−α)−1 f p(x)dx. (3.7)

Similarly to above, it is found that∫ +∞

0

(
1+ vδ

)βq gq
†(v)

v
dv = |α|

∫ +∞

0

(
1+ yαδ

)βq
yq(1−α)−1gq(y)dy (3.8)

and ∫ +∞

0
(1+wµ)β r hr

†(w)
w

dw = |α|
∫ +∞

0
(1+ zαµ)β r zr(1−α)−1hr(z)dz. (3.9)

Combining equations (3.5), (3.6), (3.7), (3.8) and (3.9) and using 1/p+ 1/q+ 1/r = 1, we get∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

≤ 1
|α|3

Ψ
[
|α|
∫ +∞

0
(1+ xαγ)β p xp(1−α)−1 f p(x)dx

]1/p

×
[
|α|
∫ +∞

0

(
1+ yαδ

)βq
yq(1−α)−1gq(y)dy

]1/q[
|α|
∫ +∞

0
(1+ zαµ)β r zr(1−α)−1hr(z)dz

]1/r

=
1
|α|2

Ψ
[∫ +∞

0
(1+ xαγ)β p xp(1−α)−1 f p(x)dx

]1/p

×
[∫ +∞

0

(
1+ yαδ

)βq
yq(1−α)−1gq(y)dy

]1/q[∫ +∞

0
(1+ zαµ)β r zr(1−α)−1hr(z)dz

]1/r

.

The desired inequality is obtained. The proof of Proposition 3.2 ends.

The results in Propositions 2.1 and 3.2 are similar but difficult to compare because they use different weighted
integral norms and are made under different assumptions. Note only that the parameter α in these norms has a more
direct effect in Proposition 3.2 than in Proposition 2.1. Furthermore, Proposition 3.2 can be seen as a consequence,
since it was established via Proposition 2.1. So these propositions are complementary.
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4. A new lower bound result

To complete the work in the previous sections, the proposition below gives a lower bound on the main triple
integral term. This is of interest because, overall, such a lower bound remains an understudied aspect in the field of
Hilbert-type integral inequalities.

Proposition 4.1. Let f ,g,h : [0,+∞)→ [0,+∞) and α ,λ ∈R. It is assumed that

0 <
∫ +∞

0
f (x)dx <+∞, 0 <

∫ +∞

0
g(y)dy <+∞, 0 <

∫ +∞

0
h(z)dz <+∞,

0 <
∫ +∞

0
(1+ xα)λ f (x)dx <+∞, 0 <

∫ +∞

0
(1+ yα)λ g(y)dy <+∞

and

0 <
∫ +∞

0
(1+ zα)λ h(z)dz <+∞.

Then the following holds:∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

≥
[∫ +∞

0 f (x)dx
]2 [∫ +∞

0 g(y)dy
]2 [∫ +∞

0 h(z)dz
]2[∫ +∞

0 (1+ xα)λ f (x)dx
][∫ +∞

0 (1+ yα)λ g(y)dy
][∫ +∞

0 (1+ zα)λ h(z)dz
] .

Proof. Using a well-configured Cauchy-Schwarz inequality, we get[∫ +∞

0
f (x)dx

][∫ +∞

0
g(y)dy

][∫ +∞

0
h(z)dz

]
=
∫ +∞

0

∫ +∞

0

∫ +∞

0
f (x)g(y)h(z)dxdydz

=
∫ +∞

0

∫ +∞

0

∫ +∞

0

[ f (x)g(y)h(z)]1/2

[1+(xyz)α ]λ /2 [1+(xyz)α ]λ /2 [ f (x)g(y)h(z)]1/2 dxdydz

≤
{∫ +∞

0

∫ +∞

0

∫ +∞

0
[1+(xyz)α ]λ f (x)g(y)h(z)dxdydz

}1/2

×

{∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

}1/2

,

so that [∫ +∞

0
f (x)dx

]2[∫ +∞

0
g(y)dy

]2[∫ +∞

0
h(z)dz

]2

≤
{∫ +∞

0

∫ +∞

0

∫ +∞

0
[1+(xyz)α ]λ f (x)g(y)h(z)dxdydz

}

×

{∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

}
. (4.1)

The standard inequality 1+ abc≤ (1+ a)(1+ b)(1+ c) with a,b,c≥ 0 implies that

1+(xyz)α = 1+ xαyαzα ≤ (1+ xα)(1+ yα)(1+ zα).
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This, in combination with the obtained separability with respect to x, y and z, gives∫ +∞

0

∫ +∞

0

∫ +∞

0
[1+(xyz)α ]λ f (x)g(y)h(z)dxdydz

≤
∫ +∞

0

∫ +∞

0

∫ +∞

0
(1+ xα)λ (1+ yα)λ (1+ zα)λ f (x)g(y)h(z)dxdydz

=

[∫ +∞

0
(1+ xα)λ f (x)dx

][∫ +∞

0
(1+ yα)λ g(y)dy

][∫ +∞

0
(1+ zα)λ h(z)dz

]
. (4.2)

Combining equations (4.1) and (4.2), we get∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

≥
[∫ +∞

0 f (x)dx
]2 [∫ +∞

0 g(y)dy
]2 [∫ +∞

0 h(z)dz
]2[∫ +∞

0 (1+ xα)λ f (x)dx
][∫ +∞

0 (1+ yα)λ g(y)dy
][∫ +∞

0 (1+ zα)λ h(z)dz
] .

The desired inequality is established. This ends the proof of Proposition 4.1.

Note that, in this proposition, there is no restriction on the parameters α and λ ; we can use α ,λ ∈ R, provided
that the minimal integration assumptions are satisfied.

Therefore, under certain integrability assumptions, the upper bounds obtained in Propositions 2.1, 3.1 and 3.2
cannot be smaller than the lower bound given in Proposition 4.1. This allows us to fully understand the most important
mathematical facets of the triple integral under consideration.

5. Conclusion and perspectives

This article mainly studies in detail a new flexible trivariate Hilbert-type integral inequality. Several upper bounds
are obtained under well-identified assumptions on the functions and parameters involved. Sharp factor constants
depending on the gamma function are shown. This is complemented by the determination of a lower bound for the
main triple integral. Perspectives of this work include the consideration of the finite interval integration version of our
main inequality, i.e., depending on the following main term:∫ a

0

∫ a

0

∫ a

0

f (x)g(y)h(z)

[1+(xyz)α ]λ
dxdydz

with a > 0. The following variant can also be considered:∫ +∞

0

∫ +∞

0

∫ +∞

0

f (x)g(y)h(z)

|1− (xyz)α |λ
dxdydz,

which is inspired by the study in [17], or to a higher dimensional study, depending on the following main term:∫ +∞

0
. . .
∫ +∞

0

∏
n
i=1 fi(xi)

[1+∏
n
i=1 xαi

i ]
λ

dx1 . . .dxn

with f1, . . . , fn : [0,+∞)→ [0,+∞) and α1, . . . ,αn ∈R\{0}. Clearly, the multiple dimensions add considerable com-
plexity to the problem. These studies are left for the future.
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